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Shiyong Zhu、Xueying Ding、Liangjie Sun、Bowen Li
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This is also a survey introduction about stability, stabilization and controllability!
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Boolean networks
 The purpose of BNs  Model description of BNs
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The propose of Boolean networks

Mcculloch & Pitts

1943
M-P model of neuron

1961
Genetic regulatory networks

（be awarded the Nobel Prize）

1969
Boolean networks [3]

[1] W. S. McCulloch and W. Pitts, A logical calculus of the ideas immanent in nervous activity, The Bulletin of Mathematical Biophysics, 5(4):115-
133, 1943.
[2] F. Jacob and J. Monod, Genetic regulatory mechanisms in the synthesis of proteins, Journal of molecular biology, 3(3):318-356,1961.
[3] S.A. Kauffman, Metabolic stability and epigenesis in randomly constructed genetic nets, Journal of Theoretical Biology, 22(3):437-467, 1969.

The relations among 
neural activities
in brain can be 

treated by means of
propositional logic [1].

The regulatory genes in 
every cell can active or 
inactive other genes like 

a switch [2].

Jacob & Monod Kauffman
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Model description of Boolean networks

[3] S.A. Kauffman, Metabolic stability and epigenesis in randomly constructed genetic nets, Journal of Theoretical Biology, 
22(3):437-467, 1969.
[4] T. Akutsu, et al., Control of Boolean networks: Hardness results and algorithms for tree structured networks, Journal of 
Theoretical Biology, 244(4): 670–679, 2007.

Boolean networks 
(BNs) [3]

Boolean control 
networks (BCNs) 

[4]

External control

inputs

The feature of BNs:

 State 𝒙𝒙𝒊𝒊(𝒕𝒕): ON (1) or OFF (0)

 𝒇𝒇𝒊𝒊: Boolean function

 Discrete-time models

The control 
inputs 𝒖𝒖𝒊𝒊 𝒕𝒕
are added.
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Model description of Boolean networks

A simple BCN: The signaling system 
within capillary endothelial cells [5]

[5] S. Huang and D.E. Ingber, Shape-dependent control of cell growth, differentiation, and apoptosis: switching between 
attractors in cell regulatory networks, Experimental Cell Research, 261(1):91-103, 2000.

External control input
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Semi-tensor Product
 Definition of STP  Algebraic Expression of BNs

 Some Applications
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Definition of STP

Definition 1 [6]: Given two matrices 𝐴𝐴 ∈ ℝ𝑛𝑛×𝑚𝑚 and B ∈ ℝ𝑝𝑝×𝑞𝑞, the STP of 𝐴𝐴 and 𝐵𝐵,
denoted by A ⋉B, is defined as:

When 𝐦𝐦 ≠ 𝒑𝒑, 𝑨𝑨𝒏𝒏×𝒎𝒎 × 𝑩𝑩𝒑𝒑×𝒒𝒒 =?

[6] D. Cheng, et al. Analysis and Control of Boolean Networks: A Semi-tensor Product Approach, Springer, 2010. 

A generalization 
of conventional
matrix product
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Definition of STP

Let and then we have

A calculating example:
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Definition of STP

Definition 2 [6]: An 𝑚𝑚𝑚𝑚 × 𝑚𝑚𝑚𝑚 matrix 𝑊𝑊[𝑚𝑚,𝑛𝑛] is called a swap matrix, if it is constructed
in the following way: label its columns by (11,12,⋯ , 1𝑛𝑛,⋯ ,𝑚𝑚1,𝑚𝑚2,⋯ ,𝑚𝑚𝑚𝑚) and
similarly label its rows by (11,21,⋯ ,𝑛𝑛1,⋯ , 1𝑛𝑛, 2𝑛𝑛,⋯ ,𝑚𝑚𝑚𝑚) . Then its element in the
position ( 𝐼𝐼, 𝐽𝐽 ; (𝑖𝑖, 𝑗𝑗)) is assigned as

𝑤𝑤( 𝐼𝐼,𝐽𝐽 ;(𝑖𝑖,𝑗𝑗)) = �1,
0,
𝐼𝐼 = 𝑖𝑖 𝑎𝑎𝑎𝑎𝑎𝑎 𝐽𝐽 = 𝑗𝑗,
𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜.

If 𝜎𝜎1 ∈ ∆𝑚𝑚 and 𝜎𝜎2 ∈ ∆𝑛𝑛, then 𝑊𝑊[𝑚𝑚,𝑛𝑛]𝜎𝜎1 ⋉ 𝜎𝜎2 = 𝜎𝜎2 ⋉ 𝜎𝜎1.

Pseudo-commutative law of STP:

[6] D. Cheng, et al. Analysis and Control of Boolean Networks: A Semi-tensor Product Approach, Springer, 2010. 

∆𝒏𝒏≔ 𝜹𝜹𝒏𝒏𝒊𝒊 , 𝒊𝒊 = 𝟏𝟏,𝟐𝟐,⋯ ,𝒏𝒏

𝜹𝜹𝒏𝒏𝒊𝒊 ≔ 𝑪𝑪𝑪𝑪𝑪𝑪𝒊𝒊(𝑰𝑰𝒏𝒏)
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Algebraic Expression of BNs

~

Proposition 1 [6]: Let 𝑓𝑓 𝑎𝑎1, … , 𝑎𝑎𝑛𝑛 : {1, 0}𝑛𝑛 → 1, 0 be a logical function. Then there exists a unique matrix 
𝐹𝐹 ∈ ℒ2×2𝑛𝑛, such that

for every . Here, is called the structure matrix of 𝑓𝑓.

[6] D. Cheng, et al. Analysis and Control of Boolean Networks: A Semi-tensor Product Approach, Springer, 2010. 
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Algebraic Expression of BNs

(9) 𝐴𝐴𝑖𝑖 ∈ ℒ2×2 𝑁𝑁i

Algebraic expression of BNs:

𝑥𝑥 𝑡𝑡 =⋉𝑗𝑗=1𝑛𝑛 𝑥𝑥𝑗𝑗(𝑡𝑡)
𝐿𝐿 ∈ ℒ2𝑛𝑛×2𝑛𝑛

[6] D. Cheng, et al. Analysis and Control of Boolean Networks: A Semi-tensor Product Approach, Springer, 2010. 
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There are three persons. A says ``B is a liar ’’, B
says ``C is a liar ’’, C says ``Both A and B are liars."

Algebraic Expression of BNs

Example 1:
Who is a liar?

𝒑𝒑 = 𝟎𝟎,𝒒𝒒 = 𝟏𝟏, 𝒓𝒓 = 𝟎𝟎
Only B is 
honest!

𝑥𝑥 = 𝛿𝛿86
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A competition between five players took place in 
a simple-rotating way, which means each player 

has to play all others.

Algebraic Expression of BNs

Example 2:

What is the 
result ?
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A Boolean model of epigenetic system [7].

Algebraic Expression of BNs

Example 3:

Find fixed 
points and 

cycles.

[7] J. Heidel, J. Maloney, C. Farrow, and J. Rogers, Finding cycles in synchronous Boolean networks with applications 
to biochemical systems. Int. J. Bifurcation Chaos, 13(3):535-552, 2003

Exactly 10 cycles of length 6 by 
STP

Only 6 cycles 
of length 6 by 

[7] !
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1 Stability

2

3

CONTENTS

Stabilization

Controllability

4 Several special kinds 
of BNs
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Part 1: 
Stability
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Stability

It is important to analyze
whether systems can reach a
desirable state, such as the healthy
one, and maintain this state
afterward. Intestinal homeostasis in Drosophila

Stability of Boolean networks
is important and interesting topic.
Especially, in biological systems
or genetic networks.




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Common stability analysis methods
 All eigenvalues have a negative real part （ homogeneous equation ）
 Routh-Hurwitz stability criterion （ algebraic method ）
 Evans root locus plot 
 Nyquist stability criterion
 Lyapunov's first method
 Lyapunov direct method
 LaSalle’s invariant principle
 Comparison principle

Definition:  The zero solution of (1.1) is said to be stable, if ∀𝜀𝜀 > 0,∀𝑡𝑡0 ∈ 𝐼𝐼,∃𝛿𝛿 > 0 such that ∀𝑥𝑥0, 𝑥𝑥0 <
𝛿𝛿 𝜀𝜀, 𝑡𝑡0 implies 𝑥𝑥 𝑡𝑡, 𝑡𝑡0, 𝑥𝑥0 < 𝜀𝜀 for 𝑡𝑡 ≥ 𝑡𝑡0.

The definitions of stability in linear systems



Definition:  The zero solution of (1.1) is said to be attractive, if ∀𝑡𝑡0 ∈ 𝐼𝐼,∀𝜀𝜀 > 0,∃ 𝛿𝛿 𝑡𝑡0 > 0,∃ 𝑇𝑇 𝜀𝜀, 𝑡𝑡0, 𝑥𝑥0
> 0, 𝑥𝑥0 < 𝛿𝛿 𝑡𝑡0 implies 𝑥𝑥 𝑡𝑡, 𝑡𝑡0, 𝑥𝑥0 < 𝜀𝜀 for 𝑡𝑡 ≥ 𝑡𝑡0 + 𝑇𝑇.

𝐝𝐝𝒙𝒙
𝐝𝐝𝒕𝒕

= 𝒇𝒇 𝒕𝒕,𝒙𝒙 (1.1)

Definition: The zero solution of  (1.1) is said to be asymptotically stable, if it is stable and attractive.


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[1] D. Cheng, et al., Stability and stabilization of Boolean networks , IJRNC, 21:134-156, 2011.
[2] F. Li, et al., Stability and stabilization of Boolean networks with impulsive effects, System & control 
letters, 61:1-5,2012. 

Two definitions of stability in BNs

Definition[2]: A Boolean network is said to be globally stable to 
a state x*∈△2𝑛𝑛, if for any initial state x0∈△2𝑛𝑛 , we have

lim
𝑡𝑡→∞

𝑥𝑥(𝑡𝑡, 𝑡𝑡0, 𝑥𝑥0)= x*.

Definition[1]: A Boolean network is globally stable (or called
asymptotically stable) if there exists a unique fixed point as the
attractor with no other cycles.
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Three common stability analysis methods in BNs 

Incidence-matrix-based stability 

analysis method 

Transition-matrix-based stability 

analysis method 

Lyapunov-based stability analysis 

method 
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[1] D. Cheng, et al., “Stability and stabilization of Boolean networks” , IJRNC, 21:134-156, 2011.

Incidence-matrix-based stability analysis method[1]

The introduce of incidence matrix 

（9）
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Incidence-matrix-based stability analysis method
Logical operations on Boolean matrices
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Incidence-matrix-based stability analysis method

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Incidence-matrix-based stability analysis method
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Incidence-matrix-based stability analysis method


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Incidence-matrix-based stability analysis method

Now, we consider the global stability of BNs. The dynamics of a 
BN is  expressed as 


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Proof

[13] Robert F. Discrete Iterations, A Metric Study. Translated by J. Rokne. Springer: Berlin, 1986.

Incidence-matrix-based stability analysis method



单击此处编辑母版标题样式

• 单击此处编辑母版文本样式
• 第二级

• 第三级
• 第四级

• 第五级

单击此处编辑母版标题样式

• 单击此处编辑母版文本样式

– 第二级

• 第三级
– 第四级

» 第五级

Example：

Incidence-matrix-based stability analysis method
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Incidence-matrix-based stability analysis method

If 0 is a fixed point of F and there exists an integer k>0 such 
that                     . Then, the system globally converges to 0 .
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Example:

Incidence-matrix-based stability analysis method
Definition 4.5: System (2) is said to be globally stable if it globally converges
to a fixed point. In other words, it has a fixed point as the only attractor.

Assume that 0 is a fixed point 
of  system (32), then it globally 
converges to 0.
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Just a sufficient condition!

Incidence-matrix-based stability analysis method
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Three common stability analysis methods in BNs 

Incidence-matrix-based stability 

analysis method 

Transition-matrix-based stability 

analysis method 

Lyapunov-based stability analysis 

method 
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Transition-matrix-based stability analysis method
Reconsider system (2):

Lemma 3: Consider system (2). Then,
1) x=𝛿𝛿2𝑛𝑛

𝑝𝑝 is switching reachable from x(0)= 𝛿𝛿2𝑛𝑛
𝑞𝑞 at time k, if and 

only if 
2) x=𝛿𝛿2𝑛𝑛

𝑝𝑝 is switching reachable from x(0)= 𝛿𝛿2𝑛𝑛
𝑞𝑞 , if and only if 

[3] D. Laschov, et al., Controllability of Boolean control networks via the Perron-Frobenius theory, 
Automatica, 48(6):1218-1223, 2012.

where and


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Lx0 =x0

and there exists an integer k>0, such that Lk is a constant mapping.  

Transition-matrix-based stability analysis method

Definition: An s×s logic matrix, M, is said to be a matrix of 
constant mapping if there exists a      such that𝛿𝛿𝑠𝑠

𝑗𝑗
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Example:

Transition-matrix-based stability analysis method
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Three common stability analysis methods in BNs 

Incidence-matrix-based stability 

analysis method 

Transition-matrix-based stability 

analysis method 

Lyapunov-based stability analysis 

method 
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Lyapunov-based stability analysis method

 How to define a Lyapunov function for BNs?

 How to construct a Lyapunov function for BNs?

 How to establish a new framework of Lyapunov 
stability theory for BNs?
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Theorem[1] : The zero solution of (1.1) is uniformly asymptotically stable if and only 
if there exists a positive definite function with infinitesimal upper bounded, 𝑉𝑉 𝑡𝑡, 𝑥𝑥 ∈
𝐶𝐶1, such that along the solution of (1.1),  𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
| 1.1 is negative definite.

[1] X.X. Liao, et al., Stability of dynamical systems, Monograph, 2007, 5(1):115.

Example: 𝒙̇𝒙 𝒕𝒕 = −𝟐𝟐𝒙𝒙 + 𝐬𝐬𝐬𝐬𝐬𝐬 𝒙𝒙 (𝟏𝟏.𝟐𝟐)

We construct a Lyapunov function V 𝑥𝑥 = 𝑥𝑥2.


Stability analysis in linear systems

How to find V(x)？LMI et al.
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 How to define a Lyapunov function for BNs?
The pseudo-Boolean functions was introduced in [14], which has

wide  applications in graph theory, game theory, and so on.

[14] P. Hammer, et al, On the determination of the minima of pseudo-Boolean functions, Stud. Cerc. Mat., 
14:359-364,1963.
[15] P. Hammer, et al. Boolean Methods in Operations Research and Related Areas,Springer, Berlin, 1968.

Lyapunov-based stability analysis method


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Lyapunov-based stability analysis method



Li H, Wang Y. Lyapunov-based stability and construction of Lyapunov functions for Boolean networks[J]. 
SIAM Journal on Control and Optimization, 2017, 55(6): 3437-3457.
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Lyapunov-based stability analysis method


Proof
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Lyapunov-based stability analysis method


Proof
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 Lyapunov functions of Boolean networks
Lyapunov-based stability analysis method
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 Lyapunov functions of Boolean networks
Lyapunov-based stability analysis method

What is the form of Lyapunov function of BN (3.2)?

Pseudo-Boolean function
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 Lyapunov functions of Boolean networks
Lyapunov-based stability analysis method

Li H, Wang Y. Lyapunov-based stability and construction of Lyapunov functions for Boolean networks[J]. SIAM Journal on Control and 
Optimization, 2017, 55(6): 3437-3457.
[4] D. Cheng, H. Qi, and Z. Li, Analysis and Control of Boolean Networks: A Semi-Tensor Product Approach, Springer, London, 2011.
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Conditions (i) and (ii)
（3.6）

 Lyapunov functions of Boolean networks
Lyapunov-based stability analysis method
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 Lyapunov functions of Boolean networks
Lyapunov-based stability analysis method
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 Lyapunov functions of Boolean networks
Lyapunov-based stability analysis method



单击此处编辑母版标题样式

• 单击此处编辑母版文本样式
• 第二级

• 第三级
• 第四级

• 第五级

单击此处编辑母版标题样式

• 单击此处编辑母版文本样式

– 第二级

• 第三级
– 第四级

» 第五级

 Lyapunov functions of Boolean networks
Lyapunov-based stability analysis method

Based on Theorem 3.3, we give the following definition:

With Definition 3.4 and Theorem 3.3, we have the following corollary.
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 Lyapunov functions of Boolean networks
Lyapunov-based stability analysis method

Li H, Wang Y. Lyapunov-based stability and construction of Lyapunov functions for Boolean networks[J]. 
SIAM Journal on Control and Optimization, 2017, 55(6): 3437-3457.
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In this subsection, we present two methods to construct a 
Lyapunov function for a given BN:

• Definition-based method

Lyapunov-based stability analysis method



• Structure-based method

Li H, Wang Y. Lyapunov-based stability and construction of Lyapunov functions for Boolean networks[J]. 
SIAM Journal on Control and Optimization, 2017, 55(6): 3437-3457.
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First, we present the definition-based method

Lyapunov-based stability analysis method



(3.11)
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





Whether equations (3.13) are solvable?

Lyapunov-based stability analysis method
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Lyapunov-based stability analysis method
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Lyapunov-based stability analysis method
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Lyapunov-based stability analysis method
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Lyapunov-based stability analysis method



,                                                                                                         L.
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Lyapunov-based stability analysis method




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Lyapunov-based stability analysis method
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The (strict-)Lyapunov function
of a BN is not unique. In general,
the number of (strict-)Lyapunov
functions is finite.

Lyapunov-based stability analysis method

(3.10)
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In this subsection, we present two methods to construct a 
Lyapunov function for a given BN:

• Definition-based method

Lyapunov-based stability analysis method



• Structure-based method

Li H, Wang Y. Lyapunov-based stability and construction of Lyapunov functions for Boolean networks[J]. 
SIAM Journal on Control and Optimization, 2017, 55(6): 3437-3457.
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Then, we present the structure-based method

Lyapunov-based stability analysis method


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Lyapunov-based stability analysis method
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Lyapunov-based stability analysis method

[4] D. Cheng, H. Qi, and Z. Li, Analysis and Control of Boolean Networks: A Semi-Tensor Product Approach, 
Springer, London, 2011.
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(3.10)
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In Corollary 3.7, a sufficient condition for the asymptotical
stability of BNs is obtained. Whether exists a necessary and sufficient
condition for the asymptotical stability of BNs by using Lyapunov-
based method ?

Lyapunov-based stability analysis method
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With Theorems 3.3 and 3.18, we have the following result:

Lyapunov-based stability analysis method
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Several types of stability

Set stability

Partial stability

Global stability
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Partial stability[5]

Consider the following system:

STP

Boolean network (1) is stable 
with respect to just some, and 
not all of the state variables.



[5] H. Chen, et al, Partial stability and stabilisation of Boolean networks, International Journal of Systems 
Science, 47(9):2119-2127,2016.
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Only consider the first r subsystems

Partial stability[5]
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Global stability[6]

[6] J. Zhong, et al, Global robust stability and stabilization of Boolean network with disturbances, Automatica, 
84:142-148,2017.
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[6] J. Zhong, et al, Global robust stability and stabilization of Boolean network with disturbances, Automatica, 
84:142-148,2017.

Global stability[6]
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STP

Set stability[7]

[7] Y. Guo, et al, Set stability and set stabilization of Boolean control networks based on invariant subsets, 
Automatica, 61:106-112,2015.
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1 All of states finally can enter the set 

The analysis of set stability can be divided into two steps:

2 The states which enter the set  always stay the set

The union of any two invariant subsets is still an invariant subset.
The union of all the invariant subsets contained in a given set ℳ is
called the largest invariant subset contained in ℳ, denoted by I(ℳ).

Remark

Set stability[7]

[7] Y. Guo, et al, Set stability and set stabilization of Boolean control networks based on invariant subsets, 
Automatica, 61:106-112,2015.
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The largest
invariant subset

Set stability[7]

[7] Y. Guo, et al, Set stability and set stabilization of Boolean control networks based on invariant subsets, 
Automatica, 61:106-112,2015.
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Set stability[7]
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Application of stability in synchronization
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STP

Application of stability in synchronization
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, Ωℎ = 1,2, … , 2ℎ .

Application of stability in synchronization
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Application of stability in synchronization[8]
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By STP, system (1) can be converted into the following form:

Application of stability in synchronization[8]

[8] J. Zhong, et al, Synchronization in an Array of Output-Coupled Boolean Networks With Time Delay,
IEEE Transaction on neural networks and learning systems, 25(12):2288-2294,2014.
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Now, we present necessary and sufficient synchronization criterion 
for an array of delay-coupled BNs in form of (1):

Application of stability in synchronization[8]

[8] J. Zhong, et al, Synchronization in an Array of Output-Coupled Boolean Networks With Time Delay,
IEEE Transaction on neural networks and learning systems, 25(12):2288-2294,2014.
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Some references about stability analysis
[1] S. Zhu, et al. “Asymptotical stability of probabilistic Boolean networks with state delays”. IEEE
Transaction on Automatic Control, 65(4): 1779-1784, 2020.
[2] B. Li, et al. “Fast-time stability of temporal Boolean networks”. IEEE Transactions on Neural
Networks and Learning, 30(8): 2285-2294, 2019.
[3] M. Meng, et al. “Stability and l_{1} gain analysis of Boolean networks with markovian jump
parameters”. IEEE Transactions on Neural Networks and Learning, 30(8): 2285-2294, 2019.
[4] M. Meng, et al. “Stability and Stabilization of Boolean Networks With Stochastic Delays”. IEEE
Transaction on Automatic Control, 65(4): 790-796, 2019.
[5] C. Huang, et al.” Stability and stabilization in probability of probabilistic Boolean networks”.
IEEE Transactions on Neural Networks and Learning, Doi: 10.1109/TNNLS.2020.2978345, 2020.
[6] Y. Guo, et al. “Invariant subset and set stability of Boolean networks under arbitrary switching
signals”. IEEE Transaction on Automatic Control, 62(8): 1779-1784, 2020.
[7] H. Li, et al.” Robustness for stability and stabilization of Boolean networks with stochastic
function perturbations”. IEEE Transaction on Automatic Control, Doi:10.1109/TAC.2020.2997282,
2020.
…………………
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Part 2: 
Stabilization
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Boolean Control Network (BCN) 

 When control inputs are added, the concept of BNs extends
naturally to that of BCNs.

where X(t)=(x1(t), x2(t), …, xn(t))∈𝒟𝒟𝑛𝑛, U(t)=(u1(t), u2(t), …, um(t))
∈𝒟𝒟𝑚𝑚 and Y(t)=(y1(t), y2(t), …, yp(t)) ∈𝒟𝒟𝑝𝑝 are states, control inputs 
and outputs at time t of  BCN (1), and 𝑓𝑓𝑖𝑖: 𝒟𝒟𝑚𝑚+𝑛𝑛 → 𝒟𝒟, 𝑖𝑖 = 1, …, n.

 (1)

Algebraic representation:
,                                                      

(2)
𝒚𝒚(𝒕𝒕) ∈ 𝜟𝜟𝟐𝟐𝒑𝒑, H∈ 𝓛𝓛𝟐𝟐𝒑𝒑×𝟐𝟐𝒏𝒏

, L∈ 𝓛𝓛𝟐𝟐𝒏𝒏×𝟐𝟐𝒏𝒏+𝒎𝒎
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Boolean control

networks

Stabilization

Set stabilization
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Sabilization

In the case of disease treatment, one may want to design therapeutic
interventions that steer the patient to the desirable state, such as the
healthy one, and maintain this state afterward, that is the
stabilization.



The global stabilization problem of 
system (1) is to find, if possible, {u(t)} 
such that the system becomes globally 
convergent.
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Stabilization → Existing methods

Open-loop control design technique

State feedback control design technique
Reachability set 
Control Lyapunov function
Pinning control
Event-triggered control
Sampled-data control

►
►

►
►
►

Output feedback control design technique
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Stabilization → Existing methods

Open-loop control design technique

State feedback control design technique
Reachability set 
Control Lyapunov function
Pinning control
Event-triggered control
Sampled-data control

►
►

►
►
►

Output feedback control design technique
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Open-loop control design technique[1]

[1] D. Cheng, H. Qi, Z. Li and J. Liu, Stability and stabilization of Boolean networks, International 
Journal of Robust and Nonlinear Control, 2011, 21(2): 134-156.

 Objective: find a control sequence {u(t}⊆ 𝒟𝒟𝑚𝑚 such that BCN(1)  can 
achieve global stabilization.

 Define:
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 From scalar form to vector form, we have

 From vector form to scalar form, we have

Example: Let xs =(1,0,1, 0). Then in vector form we have

Open-loop control design technique[1]
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Theorem 1：Consider the Boolean network with its algebraic form. 
The incidence matrix of F can be obtained from L by the following 
formula:



where Mn is the structure matrix of negation.

Open-loop control design technique[1]
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Open-loop control design technique[1]
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Lemma 1：System (1) is stabilizable by an open-loop control u, if 
𝝅𝝅(Lu) has a strictly lower (or upper) triangular form.

Theorem 2: System (1) (or its algebraic form (2)) is stabilizable
by an open-loop control u, if there is a coordinate transformation
z=Tx such that 𝝅𝝅(TL(I2m⊗TT)u) has a strictly lower triangular
form.

Open-loop control design technique[1]
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Example:

The coordinate transformation:

Open-loop control design technique[1]
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 Choose     u(t)=0

System is
stabilizable.

Th2

Advantage: the size of the involved matrix is small via metric-based 
analysis.

Disadvantage: the condition is only a sufficient one.

Open-loop control design technique[1]
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Now consider the stabilization by a constant control u. Then the 
control-dependent transition matrix is Lu.







Using STP,

Split

Theorem 3: System (1) is stabilizable by a constant control u, iff 
there exists a matrix of constant mapping

Moreover, corresponding to each matrix of constant mapping 
the stabilizing control is               .

Open-loop control design technique[1]
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 We briefly discuss the case when the system is required to converge 
to a particular state x*.
In addition to above stability requirements, we need to assure that 
x* is a fixed point of the control system.

Theorem 4: System (2) is globally stabilized to x* by an open-
loop control u(t), t =1,2, . . . , iff
(i) there are an integer k>0 and an                       such that 

(ii) there is an                such that Luex*=x* holds.

Open-loop control design technique[1]
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Stabilization → Existing methods

Open-loop control design technique

State feedback control design technique
Reachability set 
Control Lyapunov function
Pinning control
Event-triggered control
Sampled-data control

►
►

►
►
►

Output feedback control design technique
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State feedback control design technique[1]

If u(t)=Gx(t), t =1,2, . . . , , then the control is called the 
state feedback control.



 （3）

where G is state feedback gain matrix and 𝛷𝛷𝑛𝑛 is the power-reducing 
matrix.
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State feedback control design technique[1]

Theorem 6：System (2) is stabilizable by a closed-loop control u=Gx,
iff there exists a 2m×2n logical matrix G and an integer 1≤k≤2n such
that (LGΦ𝑛𝑛)k is a matrix of constant mapping.

Theorem 5: System (1) (or its algebraic form (2)) is stabilizable by a
closed-loop control u=Gx, if 𝝅𝝅(LG𝛷𝛷𝑛𝑛) has a strictly lower (or upper)
triangular form. Moreover, if there exists a coordinate transformation
z=Tx such that 𝝅𝝅(TLG𝛷𝛷𝑛𝑛TT) has a strictly lower triangular form, then
the control also stabilizes the system.
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State feedback control design technique→Reachable set

 The control design technique based on reachable set was proposed 
by Li et al.[2], Fornasini and Valcher[3].

[2] R. Li, M. Yang, and T. Chu, State feedback stabilization for Boolean control networks, IEEE Transactions on
Automatic Control, 2017, 58: 1853-1857.
[3] E. Fornasini and M. E. Valcher, On the periodic trajectories of Boolean control networks, Automatica, 2013, 49:
1506-1509.

Let Ek(r) denote the set consisting of all the initial states that can be 
steered to 𝛿𝛿2𝑛𝑛

𝑟𝑟 in k steps by a control input sequence u(0), u(1), …, 
u(k-1).


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State feedback control design technique→Reachable set[2]
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State feedback control design technique→Reachable set[2]

L
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State feedback control design technique→Reachable set[2]

 The principle of reachable set:
𝜹𝜹𝟐𝟐𝒏𝒏
𝒓𝒓 E1(r) E2(r)\E1(r) EN(r)\EN-1(r)……
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State feedback control design technique→Reachable set[2]

Example: 

 Objective: designing state feedback gain matrices G which makes 
system globally stabilizable to X*=(1,0,1)~ 𝜹𝜹𝟖𝟖𝟑𝟑.  

 Algebraic form:
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State feedback control design technique→Reachable set[2]



Hence, conditions 1) and 2) in Theorem 1 are satisfied.



Then the feedback law with the state feedback matrix K given by

globally stabilizes the BCN to X*.
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State feedback control design technique→Reachable set[3]

[3] E. Fornasini and M. E. Valcher, On the periodic trajectories of Boolean control networks, Automatica, 2013, 49:
1506-1509.

[4] (2)
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State feedback control design technique→Reachable set [3]
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State feedback control design technique→Control Lyapunov function[4]

 Objective: design all possible state feedback gain matrices G
which makes system (1) globally stabilizable to X*.

[4] H. Li and X. Ding, A control Lyapunov function approach to feedback stabilization of logical control 
networks, SIAM Journal on Control and Optimization, 2019, 57(2): 810-831.

Definition 1:
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State feedback control design technique→Control Lyapunov function[4]

Proposition 1:

Condition (i) of Definition 1 is equivalent to Lu*x*= x*.

2
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State feedback control design technique→Control Lyapunov function[4]

Theorem 1:

♦The closed-loop system:

 ⇒CLF:                                             ,
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State feedback control design technique→Control Lyapunov function[4]

 Notations:
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State feedback control design technique→Control Lyapunov function[4]

 Define

Proposition 2:

Theorem 2:
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State feedback control design technique→Control Lyapunov function [4]

Define

Theorem 3:

Proposition 3:

(4)
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State feedback control design technique→Control Lyapunov function [4]

Assume that (4) of Theorem 3 holds. Define







单击此处编辑母版标题样式

• 单击此处编辑母版文本样式
• 第二级

• 第三级
• 第四级

• 第五级

单击此处编辑母版标题样式

• 单击此处编辑母版文本样式

– 第二级

• 第三级
– 第四级

» 第五级

State feedback control design technique→Control Lyapunov function[4]




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State feedback control design technique→Control Lyapunov function[4]



 Obviously, only the admissible set of control Lyapunov inequalities can
determine state feedback controls. Denote all of the admissible sets of control
Lyapunov inequalities by 𝚿𝚿j , j = 1, . . . , l.
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State feedback control design technique→Control Lyapunov function[4]



Theorem 4:



单击此处编辑母版标题样式

• 单击此处编辑母版文本样式
• 第二级

• 第三级
• 第四级

• 第五级

单击此处编辑母版标题样式

• 单击此处编辑母版文本样式

– 第二级

• 第三级
– 第四级

» 第五级

State feedback control design technique→Control Lyapunov function[4]

Example: Consider system (2) with

(2)




By Theorem 3, system (2) can be globally stabilizable to x*= 𝜹𝜹𝟒𝟒𝟏𝟏 by 

state feedback control.

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State feedback control design technique→Control Lyapunov function[4]


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State feedback control design technique→Control Lyapunov function[4]

and



单击此处编辑母版标题样式

• 单击此处编辑母版文本样式
• 第二级

• 第三级
• 第四级

• 第五级

单击此处编辑母版标题样式

• 单击此处编辑母版文本样式

– 第二级

• 第三级
– 第四级

» 第五级

State feedback control design technique→Control Lyapunov function[4]


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Pinning Control of Networks

Pinning controlled 
BNs [12]

Pinning control of 
complex networks

Only small fraction of 
individual nodes are 
directly controlled

What is 
pinning control?

with

[5] F. Li, Pinning control design for the stabilization of Boolean networks, IEEE Transactions on Neural Networks & Learning Systems, 2016, 
27(7): 1585-1590.
[14] J. Lu* et al. On Pinning Controllability of Boolean Control Networks, IEEE Trans. Automatic Control, 61(6): 1658-1663, 2016.
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Pinning Controllability of Complex Networks

[15] O. Taussky, A recurring theorem on determinants, American Math. Mon. 10:672-676, 1949. 
[16] C.W. Wu, Synchronization in networks of nonlinear dynamical systems coupled via a directed graph, Nonlinearity 18:1057-1064, 2005. 
[17] X. Li, X. Wang, and G. Chen, Pinning a complex dynamical network to its equilibrium, IEEE Trans. Circuits Syst.I, 51(10):2074-2087, 2004. 
[18] T. Chen, X. Liu, and W. Lu, Pinning complex networks by a single controller, IEEE Trans. Circuits Syst. I, Reg. Papers,54(6):1317-1326, 2007.

Proposition 1 [15-18]: The real part of the maximum eigenvalue of coupling 
matrix changes from zero to be negative under control:

How to explain pinning 
control from 

mathematical viewpoint ?
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Pinning Controllability of Complex Networks

[19] Y.Y. Liu, et. al. Controllability of complex networks. Nature, 473(7346):167-173, 2011.
[20] F. J. Muller, et. al. Few inputs can reprogram biological networks. Nature, 478(7369):E4, 2011.

Why do we need 
pinning control 

and how to select 
pinning nodes?
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Pinning Controllability of BNs

Application of the methodology [20] 
to gene regulatory networks suggests 
that roughly 80% of all nodes must be 

controlled to drive such a network. 
This seems to contradict recent 
empirical  findings in the cellular 

reprogramming field.

[19] Y.Y. Liu, et. al. Controllability of complex networks. Nature, 473(7346):167-173, 2011.
[20] F. J. Muller, et. al. Few inputs can reprogram biological networks. Nature, 478(7369):E4, 2011.
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Pinning Controllability of BNs

Pinning control is effective for biological networks

[21] M. Ieda, et. al. Direct reprogramming of fibroblasts into functional cardiomyocytes by defined factors. New Cell,4248(3):670-679, 2007.
[22] F. J. Muller, et. al. A bioinformatic assay for pluripotency in human cells. Nature Methods, 8(4):315-317, 2011.
[23] G. Q. Lin, et. al. Modeling and controlling the two-phase dynamics of the p53 network: A Boolean network approach. New Journal of Physics,
16(12):125010, 2014.
[24] F. J. Muller, et. al. Few inputs can reprogram biological networks. Nature, 478(7369):E4, 2011.
[25] D. P. Rosin, et. al. Control of synchronization patterns in neural-like Boolean networks. Physical Review Letters,110(10):104102, 2013.

 Much empirical evidences show that few inputs can well capture the features or fully control a biological system
[21, 22].

 ...we have devised a practical control method that can be implemented at a single node or link to force the
system . . . . In particular, we have identified two important nodes, Wip1 and Mdm2, that are the most effective for
this control. [23].

 . . . that the number of nodes (five or fewer genes out of about 30,000) needed to fully control a biological
system . . . .[24].

 . . . the control of the synchronization patterns locally by a small fraction of the network nodes by adjusting the
refractory time of only 2 out of 32 nodes [25].
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The control based on reachable set or control Lyapunov function are
applied to all the nodes or applied randomly to some nodes of the BN.
The cost of control to apply control to all the nodes may be greater than
just apply to a fraction of nodes.
Furthermore, it may not achieve the control objective to apply the control
randomly to some nodes, because it may control the wrong nodes.
In this brief, we consider the pinning control design for the stabilization
of BNs. Our purpose is to select a fraction of nodes by the algorithms
proposed in this brief.

State feedback control design technique→Pinning control[5]



[5] F. Li, Pinning control design for the stabilization of Boolean networks, IEEE Transactions on Neural 
Networks & Learning Systems, 2016, 27(7): 1585-1590.
J.Q. Lu et al.. On pinning controllability of Boolean control networks. IEEE Transactions on Automatic 
Control, 61(6):1658-1663, 2016.




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State feedback control design technique→Pinning control[5]

 Assume that the BN with pinning control is given as

 BNs: 

(6)

(5)
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State feedback control design technique→Pinning control[5]

Algorithm 1:

 By doing this, L is changed to 𝑳𝑳′and the BN is globally stable to the 
fixed point .

1:
1, (5)
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State feedback control design technique→Pinning control[5]

Algorithm 2:

 By doing this, L is changed to 𝑳𝑳′and                      a globally 
attractive limit cycle. 

2
2 5
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




1

(5)
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

1

3

(6)
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Example: Consider BN (5) with  


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[6] J. Zhong, et al, Global robust stability and stabilization of Boolean network with disturbances, Automatica, 
84:142-148,2017.
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Event-triggered control (ETC) consists of two parts: (1) a state
feedback mechanism to determine the control inputs and (2) a
set of states to decide when the control inputs should be
considered.
Compared with traditional state feedback control, the designed
ETC approach not only shortens the transient period of logical
networks but also decreases the number of controller executions.
The global stabilization problem of KVLCNs is introduced in the
sequel via the time-optimal event-triggered controller and
switching-cost-optimal event-triggered controller.

State feedback control design technique→Event-triggered control[7]



[7] S. Zhu, Y. Liu, Y. Lou and J. Cao, Stabilization of logical control networks: An event-triggered control 
approach, Science China. Information Sciences, 2020, 63: 112203.







单击此处编辑母版标题样式

• 单击此处编辑母版文本样式
• 第二级

• 第三级
• 第四级

• 第五级

单击此处编辑母版标题样式

• 单击此处编辑母版文本样式

– 第二级

• 第三级
– 第四级

» 第五级

The KVLCN under ETC, presented as follows, consists of an inherent
non-control KVLN (1a), an alternative KVLCN (1b), and a triggering event
set standing for certain individual states where the control inputs are
triggered:

State feedback control design technique→Event-triggered control[7]


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 The ETC mechanism is essentially an intermittent control strategy. 

 The stabilization of system (5)  is equivalent to the event-triggered 
stabilization of system (4).
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State feedback control design technique→Event-triggered control[7]



The objective of this paper is to design the possible state feedback
matrix such that KVLCN (5) is globally stabilizable under the
time-optimal stabilizer and the switching-cost-optimal stabilizer.



 The time-optimal stabilizer aims to minimize the transient period
and the switching-cost-optimal stabilizer aims to minimize the cardinal
number of triggering event set .

�𝐺𝐺 ∈ ℒ(𝑀𝑀+1)×𝑁𝑁
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

♣
Define

(8)

 Without any confusion, the minimal integer satisfying condition (2) 
is denoted by l*.
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♣
 Split

(9)

 Define
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♣



Example:
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State feedback control design technique→Event-triggered control[7]

♣
In the following, based on the knowledge of graph theory, we present
a universal and unified approach to minimize the triggering event set.



 First of all, a labeled digraph                   is derived for equivalent 
graphical description of the dynamic of KVLCN (5).

=

,

𝐿𝐿′=
,

,
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♣

 The pretreatment:
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To this end, weights N and 1 are respectively assigned to each
dashed line arc and real line.

An approach to find the switching-cost-optimal event-triggered
stabilizer is exactly to find a spanning in-tree at root r with the
minimal number of dashed line arcs in labeled digraph .

As mentioned in [8], the stabilization problem of KVLCN can be
equivalently described by the existence of spanning in-tree with the
designated vertex r, which is called the root of tree.

State feedback control design technique→Event-triggered control[7]

♣


[8] J. Liang, H. Chen and Y. Liu, On algorithms for state feedback stabilization of Boolean control 
networks, Automatica, 2017, 84: 10–16.




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♣
The spanning in-tree at root r with the minimal sum of weight is 

called the minimal spanning in-tree of labeled digraph     .

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♣
The returned minimal spanning in-tree in Algorithm 1 is denoted by

 ,
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 The pretreatment:



单击此处编辑母版标题样式

• 单击此处编辑母版文本样式
• 第二级

• 第三级
• 第四级

• 第五级

单击此处编辑母版标题样式

• 单击此处编辑母版文本样式

– 第二级

• 第三级
– 第四级

» 第五级

State feedback control design technique→Event-triggered control[7]

♣



单击此处编辑母版标题样式

• 单击此处编辑母版文本样式
• 第二级

• 第三级
• 第四级

• 第五级

单击此处编辑母版标题样式

• 单击此处编辑母版文本样式

– 第二级

• 第三级
– 第四级

» 第五级

State feedback control design technique→Event-triggered control[7]

♣



单击此处编辑母版标题样式

• 单击此处编辑母版文本样式
• 第二级

• 第三级
• 第四级

• 第五级

单击此处编辑母版标题样式

• 单击此处编辑母版文本样式

– 第二级

• 第三级
– 第四级

» 第五级
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♣

The corresponding triggering event set is designed as
and the possible state feedback matrices are
According to Figure 8, the number of control executions is equal to 3.
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[9] Liu Y, Cao J, Sun L, Lu, J. Sampled-data state feedback stabilization of Boolean control networks.
Neural Computation, 2016, 28(4): 778-799.

State feedback control → Sampled-data control[9]




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Theorem: System (2) is globally stabilized to 𝛿𝛿2𝑛𝑛
𝑟𝑟 by a

sampled-data state feedback control (SDSFC) in the form
of (8), if and only if there exists a 𝒌𝒌 > 0, such that

State feedback control → Sampled-data control[9]
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Main results (Piecewise stabilization of BCNs)
State feedback control → Sampled-data control[9]
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Main results (Piecewise stabilization of BCNs)
Theorem: There exists a sequence of PCCs such that BCN (2)
can be globally stabilized to 𝛿𝛿2𝑛𝑛

𝑟𝑟 there exists a minimum 1 ≤
𝑵𝑵 ≤ 2𝑛𝑛, such that

Theorem: A BCN (2) can be globally stabilized to 𝛿𝛿2𝑛𝑛
𝑟𝑟 by a

sequence of PCCs iff it is stabilizable by means of a SDSFC.

State feedback control → Sampled-data control[9]


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Using STP, a BCN under
ASDC can be converted 
into a switched BN.

where 𝑘𝑘 = 0,1, …, 𝐹𝐹𝜎𝜎 𝑡𝑡𝑘𝑘 =𝐴𝐴𝜎𝜎 𝑡𝑡𝑘𝑘 (𝐼𝐼2𝑛𝑛⨂𝐵𝐵𝜎𝜎 𝑡𝑡𝑘𝑘 𝐾𝐾)Φ𝑛𝑛 and 𝜎𝜎 𝑡𝑡𝑘𝑘 ∈ 𝑍𝑍𝜎𝜎 = {1,2, … , 𝑙𝑙}.
[10] Lu J, Sun L, Liu Y, et al. Stabilization of Boolean control networks under aperiodic sampled-data
control. SIAM Journal on Control and Optimization, 2018, 56(6): 4385-4404.

State feedback control → Sampled-data control[10]
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It is worthwhile to note that switches may not occur at every sampling 
instant. The following example is given to explain this point.
Example: Assume that the sampling period ℎ𝑘𝑘 takes three values 𝑖𝑖1 =
2, 𝑖𝑖2 = 4, 𝑖𝑖3 = 6; when system (3) has three subsystems and 𝜎𝜎 𝑡𝑡𝑘𝑘 ∈
𝑍𝑍𝜎𝜎 = {1,2,3}.

In figure 3, 𝑡𝑡𝑘𝑘 , 𝑘𝑘 = 1, … , 8 are the
sampling instants. But the switches only
occur at 𝑡𝑡𝑘𝑘(𝑗𝑗) , 𝑗𝑗 = 1, … , 4, where 𝑡𝑡𝑘𝑘(1) =
𝑡𝑡1, 𝑡𝑡𝑘𝑘(2) = 𝑡𝑡3, 𝑡𝑡𝑘𝑘(3) = 𝑡𝑡4, and 𝑡𝑡𝑘𝑘(4) = 𝑡𝑡7,
which means that switches may not
occur at every sampling instant.

Main results
State feedback control → Sampled-data control[10]
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For any 𝑡𝑡𝑘𝑘 > 𝑡𝑡0 = 0, a switching sequence 𝑡𝑡0 = 𝑡𝑡𝑘𝑘(0) < 𝑡𝑡𝑘𝑘(1) < ⋯ < 𝑡𝑡𝑘𝑘 𝑖𝑖 < 𝑡𝑡𝑘𝑘 during
interval 𝑡𝑡0, 𝑡𝑡𝑘𝑘 is assumed. When 𝑡𝑡 ∈ 𝑡𝑡𝑘𝑘 𝑗𝑗 , 𝑡𝑡𝑘𝑘 𝑗𝑗+1 , 𝑗𝑗 = 1,2, … , 𝑖𝑖, the 𝜎𝜎(𝑡𝑡𝑘𝑘(𝑗𝑗))th subsystem
is activated; that is, switching sequence corresponding to the switching signal 𝜎𝜎(𝑡𝑡𝑘𝑘) is
given as follows:

{ 𝜎𝜎 𝑡𝑡𝑘𝑘 0 , 𝑡𝑡𝑘𝑘 0 , … , 𝜎𝜎 𝑡𝑡𝑘𝑘 𝑖𝑖 , 𝑡𝑡𝑘𝑘 𝑖𝑖 |𝜎𝜎(𝑡𝑡𝑘𝑘 𝑗𝑗 ) ∈ 𝑍𝑍𝜎𝜎 , 𝑗𝑗 = 0,1, … , 𝑖𝑖, 𝑖𝑖 ≥ 1},
where 𝑡𝑡𝑘𝑘 𝑗𝑗 ∈ 𝑡𝑡1, … , 𝑡𝑡𝑘𝑘−1 , 𝑗𝑗 = 1, … , 𝑖𝑖.

For the switched BN, we consider two cases:
(i) switched BN with all stable subsystems;
(ii) switched BN containing both stable subsystems and unstable subsystems.
For these two cases, the techniques of switching-based Lyapunov function and the average
dwell time method are used to derive sufficient conditions for global stability of BCNs
under ASDC, respectively.

Main results
State feedback control → Sampled-data control[10]
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Definition 1: {𝛽𝛽𝑗𝑗|𝑗𝑗 ∈ {1,2, … , 𝑙𝑙}} is called a set of Lyapunov
coefficients of system (3) if following conditions are satisfied

(4)
(5)
(6)
(7)
(8)

Where 0 < 𝜆𝜆𝑗𝑗 < 1, if the 𝑗𝑗−𝑡𝑡𝑡 subsystem is stable; 𝜆𝜆𝑗𝑗 ≥ 1, if the
𝑗𝑗−𝑡𝑡𝑡 subsystem is unstable, and 𝑖𝑖𝑗𝑗 is the sampling period.

State feedback control → Sampled-data control[10]
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switched BN with all stable subsystems (i.e., all subsystems is
globally stable at 𝑋𝑋𝑒𝑒 = (𝑥𝑥1𝑒𝑒 , … , 𝑥𝑥𝑛𝑛𝑒𝑒), here, we assume 𝑋𝑋𝑒𝑒 = (0, … , 0))

State feedback control → Sampled-data control[10]



Theorem 1: Given 𝛼𝛼𝑗𝑗 ≥ 0,∑𝑗𝑗=1𝑙𝑙 𝛼𝛼𝑗𝑗 = 1. If there exists a set of
Lyapunov coefficients {𝛽𝛽𝑗𝑗|𝑗𝑗 ∈ {1,2, … , 𝑙𝑙}} as defined in Definition

1, such that 𝜏𝜏𝑎𝑎 > ln 𝜇𝜇
∑𝑗𝑗=1
𝑙𝑙 𝛼𝛼𝑗𝑗 ln 𝜆𝜆𝑗𝑗

−1, then system (1) is globally stable

under feedback (2) at 𝑋𝑋𝑒𝑒 with a decay rate 𝜃𝜃 𝜏𝜏𝑎𝑎,𝛼𝛼𝑗𝑗 =

𝜇𝜇
1

2𝜏𝜏𝑎𝑎 ∏𝑗𝑗=1
𝑙𝑙 𝜆𝜆𝑗𝑗

𝛼𝛼𝑗𝑗 , where 𝛼𝛼𝑗𝑗 are the activation frequencies of the

sampling periods.
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switched BN containing both stable subsystems and unstable 
subsystems(Here, suppose that the index set of stable subsystem is 𝜑𝜑𝑠𝑠
and the index set of unstable subsystem is 𝜑𝜑𝑢𝑢, where |𝜑𝜑𝑠𝑠| = 𝑟𝑟 and 
|𝜑𝜑𝑢𝑢| = 𝑙𝑙 − 𝑟𝑟. Denote 𝑓𝑓𝑠𝑠 = ∑𝑗𝑗∈𝜑𝜑𝑠𝑠 𝛼𝛼𝑗𝑗 and 𝑓𝑓𝑢𝑢 = ∑𝑗𝑗∈𝜑𝜑𝑢𝑢 𝛼𝛼𝑗𝑗)

Theorem 2: Given 𝛼𝛼𝑗𝑗 ≥ 0,∑𝑗𝑗=1𝑙𝑙 𝛼𝛼𝑗𝑗 = 1 . If there exists a set of
Lyapunov coefficients {𝛽𝛽𝑗𝑗|𝑗𝑗 ∈ {1,2, … , 𝑙𝑙}} as defined in Definition 1,

such that ∏𝑗𝑗=1
𝑙𝑙 𝜆𝜆𝑗𝑗

𝛼𝛼𝑗𝑗 < 1, 𝜏𝜏𝑎𝑎 > ln 𝜇𝜇
ln 𝜆𝜆𝑠𝑠−1+𝑓𝑓𝑢𝑢 ln(𝜆𝜆𝑠𝑠𝜆𝜆𝑢𝑢−1)

,𝑓𝑓𝑢𝑢 < ln 𝜆𝜆𝑠𝑠−1

ln(𝜆𝜆𝑢𝑢𝜆𝜆𝑠𝑠−1)
, then

system (1) is globally stable under feedback (2) at 𝑋𝑋𝑒𝑒 with a decay

rate 𝜃̂𝜃 𝜏𝜏𝑎𝑎, 𝑓𝑓𝑢𝑢 = 𝜇𝜇
1

2𝜏𝜏𝑎𝑎𝜆𝜆𝑠𝑠(𝜆𝜆𝑢𝑢𝜆𝜆𝑠𝑠−1).

State feedback control → Sampled-data control[10]
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We derive some conditions to guarantee not only the global stability 
of system (3) but also the performance with an adequate level.

Definition 2: {𝛽𝛽𝑗𝑗|𝑗𝑗 ∈ {1,2, … , 𝑙𝑙}} is called a set of Lyapunov
coefficients for the cost function 𝑱𝑱 = ∑𝒌𝒌=𝟎𝟎∞ 𝝃𝝃𝑻𝑻𝒖𝒖 𝒕𝒕𝒌𝒌 𝒙𝒙(𝒕𝒕𝒌𝒌) of
system (3) if following conditions are satisfied (4), (5), (6), (7)
and

(9)
where 𝟎𝟎 < 𝝀𝝀𝒋𝒋 < 𝟏𝟏, if the 𝑗𝑗−𝑡𝑡𝑡 subsystem is stable; 𝝀𝝀𝒋𝒋 ≥ 𝟏𝟏, if
the 𝑗𝑗−𝑡𝑡𝑡 subsystem is unstable, and 𝒊𝒊𝒋𝒋 is the sampling period.

Main results
State feedback control → Sampled-data control[10]
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Theorem 3: If there exists a set of Lyapunov coefficients {𝛽𝛽𝑗𝑗|𝑗𝑗 ∈ {1,2, … , 𝑙𝑙}} for the cost
function 𝐽𝐽 = ∑𝑘𝑘=0∞ 𝜉𝜉𝑇𝑇𝑢𝑢 𝑡𝑡𝑘𝑘 𝑥𝑥(𝑡𝑡𝑘𝑘) as definition 2, such that 𝜏𝜏𝑎𝑎 > ln 𝜇𝜇

∑𝑗𝑗=1
𝑙𝑙 𝛼𝛼𝑗𝑗 ln 𝜆𝜆𝑗𝑗

−1 holds, then

system (1) is globally stable under feedback (2) with decay rate 𝜃𝜃 𝜏𝜏𝑎𝑎,𝛼𝛼𝑗𝑗
and cost function satisfies 𝐽𝐽 ≤ 1−𝜆𝜆02

1−𝜃𝜃2 𝜏𝜏𝑎𝑎,𝛼𝛼𝑗𝑗
𝑉𝑉𝜎𝜎 𝑡𝑡0 (𝑡𝑡0). (所有子集稳定)

Theorem 4: : If there exists a set of Lyapunov coefficients {𝛽𝛽𝑗𝑗|𝑗𝑗 ∈ {1,2, … , 𝑙𝑙}} for the cost
function 𝐽𝐽 = ∑𝑘𝑘=0∞ 𝜉𝜉𝑇𝑇𝑢𝑢 𝑡𝑡𝑘𝑘 𝑥𝑥(𝑡𝑡𝑘𝑘) as definition 2, such that ∏𝑗𝑗=1

𝑙𝑙 𝜆𝜆𝑗𝑗
𝛼𝛼𝑗𝑗 < 1, 𝜏𝜏𝑎𝑎 >

ln 𝜇𝜇
ln 𝜆𝜆𝑠𝑠−1+𝑓𝑓𝑢𝑢 ln(𝜆𝜆𝑠𝑠𝜆𝜆𝑢𝑢−1)

hold, then system (1) is globally stable under feedback (2) with decay
rate �𝜃𝜃 𝜏𝜏𝑎𝑎,𝛼𝛼𝑗𝑗 and cost function satisfies 𝐽𝐽 ≤ 1−𝜆𝜆02

1−�𝜃𝜃2 𝜏𝜏𝑎𝑎,𝛼𝛼𝑗𝑗
𝑉𝑉𝜎𝜎 𝑡𝑡0 (𝑡𝑡0). (部分子集稳定)

Main results
State feedback control → Sampled-data control[10]
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考虑系统：𝑥𝑥 𝑡𝑡𝑘𝑘 = �𝐿𝐿𝑗𝑗1 �𝐿𝐿𝑗𝑗2 ⋅⋅⋅ �𝐿𝐿𝑗𝑗𝑘𝑘𝑥𝑥 0 𝑢𝑢(0) ⋅⋅⋅ 𝑢𝑢(𝑡𝑡𝑘𝑘 − 1)，其中�𝐿𝐿 = 𝐿𝐿𝑊𝑊[2𝑛𝑛,2𝑚𝑚]，

𝑡𝑡𝑘𝑘 − 𝑡𝑡𝑘𝑘−1 = 𝑗𝑗1, … , 𝑡𝑡1 − 𝑡𝑡0 = 𝑗𝑗𝑘𝑘。将�𝐿𝐿𝑗𝑗𝑐𝑐划分为2𝑛𝑛等分。

构造集合:

𝑅𝑅𝑡𝑡𝑘𝑘 𝛿𝛿2𝑛𝑛
2𝑛𝑛 = {𝛿𝛿2𝑛𝑛

𝑖𝑖 : there exists 𝑞𝑞𝑖𝑖 ∈ 𝑝𝑝𝑖𝑖 − 1 1 − 2𝑚𝑚𝑗𝑗1

1 − 2𝑚𝑚 + 1 𝑝𝑝𝑖𝑖 = 1,2, … , 2𝑚𝑚 ,

such that 𝐶𝐶𝐶𝐶𝐶𝐶𝑞𝑞𝑖𝑖 �𝐿𝐿𝑖𝑖
𝑗𝑗1 = 𝛿𝛿2𝑛𝑛

2𝑛𝑛}\{𝛿𝛿2𝑛𝑛
2𝑛𝑛},

⋮

𝑅𝑅𝑡𝑡1 𝛿𝛿2𝑛𝑛
2𝑛𝑛 = {𝛿𝛿2𝑛𝑛

𝑖𝑖 : there exists 𝑞𝑞𝑖𝑖 ∈ 𝑝𝑝𝑖𝑖 − 1 1−2𝑚𝑚𝑗𝑗𝑘𝑘

1−2𝑚𝑚
+ 1 𝑝𝑝𝑖𝑖 = 1,2, … , 2𝑚𝑚 ,

such that 𝐶𝐶𝐶𝐶𝐶𝐶𝑞𝑞𝑖𝑖 �𝐿𝐿𝑖𝑖
𝑗𝑗𝑘𝑘 ∈ 𝑅𝑅𝑡𝑡2(𝛿𝛿2𝑛𝑛

2𝑛𝑛)}\[∪2≤𝑙𝑙≤𝑘𝑘 𝑅𝑅𝑡𝑡𝑙𝑙(𝛿𝛿2𝑛𝑛
2𝑛𝑛) ∪ {𝛿𝛿2𝑛𝑛

2𝑛𝑛}].

Main results
State feedback control → Sampled-data control[10]
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Algorithm 1
Step 1. Solve 𝛿𝛿2𝑛𝑛

2𝑛𝑛 = 𝐿𝐿𝐿𝐿𝛿𝛿2𝑛𝑛
2𝑛𝑛𝛿𝛿2𝑛𝑛

2𝑛𝑛 to get 𝑝𝑝2𝑛𝑛. If there is no solution, then 𝐾𝐾 does
not exist.
Step 2. For any initial state 𝑥𝑥 0 = 𝛿𝛿2𝑛𝑛

𝑖𝑖 , 𝑖𝑖 = 1,2, … , 2𝑛𝑛 − 1 , if 𝛿𝛿2𝑛𝑛
𝑖𝑖 ∈

𝑅𝑅𝑡𝑡𝑐𝑐 𝛿𝛿2𝑛𝑛
2𝑛𝑛 , 𝑐𝑐 ∈ {1,2, … , 𝑘𝑘} , then there exists 𝑞𝑞𝑖𝑖 ∈

𝑝𝑝𝑖𝑖 − 1 1−2
𝑚𝑚𝑗𝑗𝑘𝑘+1−𝑐𝑐

1−2𝑚𝑚
+ 1 𝑝𝑝𝑖𝑖 = 1,2, … , 2𝑚𝑚 such that 𝐶𝐶𝐶𝐶𝐶𝐶𝑞𝑞𝑖𝑖(�𝐿𝐿𝑖𝑖

𝑗𝑗𝑘𝑘+1−𝑐𝑐) ∈

𝑅𝑅𝑡𝑡𝑐𝑐+1 𝛿𝛿2𝑛𝑛
2𝑛𝑛 ; get 𝑝𝑝𝑖𝑖. If 𝛿𝛿2𝑛𝑛

𝑖𝑖 ∉ ∪1≤𝑙𝑙≤𝑘𝑘 𝑅𝑅𝑡𝑡𝑙𝑙(𝛿𝛿2𝑛𝑛
2𝑛𝑛), then 𝐾𝐾 does not exist.

Step 3. The feedback matrix 𝐾𝐾 = 𝛿𝛿2𝑚𝑚[𝑝𝑝1,𝑝𝑝2, … ,𝑝𝑝2𝑛𝑛] can be obtained.

Main results
State feedback control → Sampled-data control[10]
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[11] Yu Y, Feng J, Wang B, et al. Sampled-data controllability and stabilizability of Boolean control
networks: Nonuniform sampling. Journal of the Franklin Institute, 2018, 355(12): 5324-5335.

Main results
State feedback control → Sampled-data control[11]


(4)x(t+1)=Lu(t)x(t)
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

[12] H. Li and Y. Wang, Output feedback stabilization control design for Boolean control networks, 
Automatica, 2013, 49(12): 3641-3645.



the BCN
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(5)

（7）
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 How to design output feedback stabilizers?
(i) Design state feedback stabilizers u(t)=Gx(t).
(ii) Find the logical matrix K such that G=KH.
 Define

（8）
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8

(5)
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In some cases, interest lies in whether a system or a collection of
interconnected systems converges to or can be stabilized to a subset
of the state space, instead of to a single point.

Set stabilization



1

 (1)x(t+1)=Lu(t)x(t)
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Set stabilization → Existing methods

State feedback control design technique

Control invariant subset
Pinning control
Event-triggered control
Sampled-data control

►

►
►
►

Output feedback control design technique
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State feedback control→ Control invariant subset[13]

1
(1)

The

[13] Y. Guo, P. Wang, W. Gui and C. Yang, Set stability and set stabilization of Boolean control networks based on 
invariant subsets, Automatica, 2015, 61: 106-112.

 How to calculate the largest control invariant subset?
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
k-step controllability matrix 
controllability matrix 

Define: for any nonzero                                  ={z ∈ ∆𝒎𝒎|z⋀x=z}


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Proposition 4:

Then,
2

2

 How to design the time-optimal state feedback controller 
?

(1)
(1)



单击此处编辑母版标题样式

• 单击此处编辑母版文本样式
• 第二级

• 第三级
• 第四级

• 第五级

单击此处编辑母版标题样式

• 单击此处编辑母版文本样式

– 第二级

• 第三级
– 第四级

» 第五级

(                      )

State feedback control → Control invariant subset[13]

 Partition the state space

Define:  for

and
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State feedback control → Control invariant subset[13]

Proposition 5: The controller is a time-optimal M-stabilizer if
and only if F is a logical sub-matrix of

Proposition 6: A control sequence                   is a time-optimal
M-stabilizing control sequence if and only if

The Boolean matrix F characterizes all of the time-optimal feedback
gains and, by the construction of F, all of the time-optimal control
sequences stated in the following result.


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State feedback control → Pinning control[14]

[14] R. Liu, J. Lu, J. Lou and et al., Set stabilization of Boolean networks under pinning control strategy, 
Neurocomputing, 2017, 260: 142-148.





(2)

(2)
(3)


(2)
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




Assume that                                          .
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



Let

Let
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Solve                          from

State feedback control → Pinning control[14]

(2)



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Remark 1:

Remark 2: Compared with (F. Li 2016), if we just need some of
feasible state feedback controllers, our method would be better, since
we do not need to discuss all the situations of the variables . By using
𝑴𝑴⊕, we can reduce the computational complexity and obtain some
of feasible state feedback control matrices at the same time.
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State feedback control → Event-triggered control[15]

[15] Y. Li, H. Li and W. Sun, Event-triggered control for robust set stabilization of logical control
networks, Automatica, 2018, 95: 556-560. 



 Given a nonempty set 𝐴𝐴 ⊆ Δ𝑘𝑘𝑛𝑛, for 𝑡𝑡 ≥ 1, 𝑡𝑡 ∈ ℤ+, Υ0(A):=A, define

（1）
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Remark 1: From example in this study, the time-variant state feedback
control obtained is in change every moment before some time t, which
needs many computation costs. Motivated by this, we will propose the
event-triggered control to reduce the costs in the following.
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





1
(2)
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





Keep this procedure going, one can obtain the sequence of triggering
times:                                                       which corresponds to a 
sequence of control updates:
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State feedback control → Sampled-data control[16]

[16] S. Zhu, Y. Liu, J. Lou, J. Lu and F. E. Alsaadi, Sampled-data state feedback control for the set
stabilization of Boolean control networks, IEEE Transactions on Systems, Man, and Cybernetics: Systems,
2020, 50(4): 1580-1589.





Objective: Design the following sampled-data state feedback 
controller :

are sampling instants.
Algebraic form:

such that BCN (1) can be stabilized to the given set S, where constant SP  



单击此处编辑母版标题样式

• 单击此处编辑母版文本样式
• 第二级

• 第三级
• 第四级

• 第五级

单击此处编辑母版标题样式

• 单击此处编辑母版文本样式

– 第二级

• 第三级
– 第四级

» 第五级

State feedback control → Sampled-data control[16]











单击此处编辑母版标题样式

• 单击此处编辑母版文本样式
• 第二级

• 第三级
• 第四级

• 第五级

单击此处编辑母版标题样式

• 单击此处编辑母版文本样式

– 第二级

• 第三级
– 第四级

» 第五级

State feedback control → Sampled-data control[16]

1
(1)

2

 Design SDSFC Calculate the SPCIS Find the Sampled 
Point Set

(1)

(1)
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 Find the largest SPCIS 𝑆̃𝑆* in set S*:
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3

(1)

(9)

(10)

( 8 ) (10)



单击此处编辑母版标题样式

• 单击此处编辑母版文本样式
• 第二级

• 第三级
• 第四级

• 第五级

单击此处编辑母版标题样式

• 单击此处编辑母版文本样式

– 第二级

• 第三级
– 第四级

» 第五级

State feedback control → Sampled-data control[17]

[17] L. Sun, J. Lu, J. Lou and L. Li, Set stabilization of Boolean networks via sampled‐data control, Asian
Journal of Control, 2019, 21(6): 2685-2690.
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

[18] R. Liu, J. Lu, W. Zheng and J. Kurth, Output feedback control for set of Boolean control networks, 
IEEE Transactions on Neural Networks and Learning Systems, DOI: 10.1109/TNNLS.2019.2928028.

1:
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Output feedback control design technique[18]

2:

 Design the output
feedback stabilizers

(Spanning In-Tree 
Method, Algorithm4)

Calculate the
OFCI subsets

(Algorithms 2 
and 3)

Calculate the    
SFCI sets

(Algorithm 1)
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

1:

Calculate the SFCI sets♣
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Output feedback control design technique[18]


Calculate the OFCI sets

 Define:
Υ = {𝐾𝐾′|𝐾𝐾′ = }

♣
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Output feedback control design technique[18]


Calculate the OFCI sets



♣

(8)
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Output feedback control design technique[18]

Calculate the OFCI sets♣
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Output feedback control design technique[18]

Design the output feedback stabilizers

 Let be the adjacency matrix
of G and G is the associated digraph of system (3).




♣
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Output feedback control design technique[18]

Design the output feedback stabilizers♣
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Set Stabilization       Applications

Output regulation[19]

Output tracking[20]

Synchronization[21-24]

[19] H. Li, L. Xie and Y. Wang, Output regulation of Boolean control networks, IEEE Transactions on Automatic
Control, 2017, 62(6): 2993-2998.
[20] H. Li, Y. Wang and L. Xie, Output tracking control of Boolean control networks via state feedback: Constant
reference signal case, Automatica, 2015, 59: 54-59.
[21] Y. Liu, L. Sun, J. Lu and J. Liang, Feedback controller design for the synchronization of Boolean control
networks, IEEE Transactions on Neural Networks & Learning Systems, 2017, 27(9): 1991-1996.
[22] F. Li, Pinning control design for the synchronization of two coupled Boolean networks, IEEE Transactions on
Circuits & Systems II: Express Briefs, 2016, 63(3): 309-313.
[23] Y. Liu, L. Tong, J. Lou, J. Lu and J. Cao, Sampled-data control for the synchronization of Boolean control
networks, IEEE Transactions on Cybernetics, 2019, 49(2): 726-732.
[24] J. Yang, J. Lu, L. Li, Y. Liu, Z. Wang and F. E. Alsaadi, Event-triggered control for the synchronization of
Boolean control networks, Nonlinear Dynamics, 2019, 96: 1335-1344.
…………………………….
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Applications         Output regulation[19]

[19] H. Li, L. Xie and Y. Wang, Output regulation of Boolean control networks, IEEE Transactions on Automatic
Control, 2017, 62(6): 2993-2998.

  The output regulation problem is to 
design the following state feedback 
control:

under which there exists an integer
such that  

holds for 
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Applications         Output regulation[19]


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Applications         Output regulation[19]
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Applications         Output regulation[19]

Control design



♣

 Define

The output regulation control design problem becomes how to 
stabilize the augmented system to a nonempty set              .
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Applications         Output regulation[19]

Control design♣
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Part 3: 
Controllability
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Controllability

Definition of controllability

Current approaches

Controllability under different controls
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Definition

Controllability[Akutsu et al. 2007, Cheng & Qi 2008]

Fixed-time controllability[Laschov&Margaliot 2012]

The BCN

𝑝𝑝 − 𝑘𝑘 𝑘𝑘

Cheng D, Qi H. Controllability and observability of Boolean control networks[J]. Automatica, 2009, 45(7): 1659-1667.
Laschov D, Margaliot M. Controllability of Boolean control networks via the Perron–Frobenius theory[J]. Automatica, 2012, 48(6): 1218-1223.

Input networks

Free inputs

Sampled-data inputs
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Current approaches

input-state transfer matrix[Cheng & Qi 2008]

Cheng D, Qi H. Controllability and observability of Boolean control networks[J]. Automatica, 2009, 45(7): 1659-1667.
Cheng D, Semi-tensor product of matrices and its applications-A survey[J]. In: Proc. ICCM 2007, 3 : 641–668.

Input networks

Algebraic form

(13)
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Current approaches

1: input-state transfer matrix[Cheng & Qi 2008]

Cheng D, Qi H. Controllability and observability of Boolean control networks[J]. Automatica, 2009, 45(7): 1659-1667.

Free sequences
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Current approaches

2: input-state incidence matrix [zhao et al., scl, 2011]

Zhao Y, et al., Input-state incidence matrix of Boolean control networks and its applications[J]. Systems & Control Letters, 2010, 59(12): 767-774.

(4)
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Current approaches
2: input-state incidence matrix [zhao et al., scl, 2011]

Zhao Y, et al., Input-state incidence matrix of Boolean control networks and its applications[J]. Systems & Control Letters, 2010, 59(12): 767-774.
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Current approaches

3: Perron–Frobenius theory [Laschov and Margaliot, Auto, 2012]

Laschov D, Margaliot M. Controllability of Boolean control networks via the Perron–Frobenius theory[J]. Automatica, 2012, 48(6): 1218-1223.

(3)
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Current approaches

3: Perron–Frobenius theory [Laschov and Margaliot, Auto, 2012]

Laschov D, Margaliot M. Controllability of Boolean control networks via the Perron–Frobenius theory[J]. Automatica, 2012, 48(6): 1218-1223.
Berman A,  Plemmons R. J. Nonnegative matrices in the mathematical sciences, SIAM, 1987.
Horn R. A,  Johnson C. R. Matrix analysis, Cambridge University Press,1985.

controllability

Fixed-time controllability
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Current approaches

complexity reduction of controllability matrix

Tarjan Algorithm& 
Deep first search

Zhao Y, et al. Input-state incidence matrix of 
Boolean control networks and its 
applications. SCL, 2010.

Liang J, Chen H, et al. An improved criterion 
for controllability of Boolean control 
networks. IEEE TAC, 2017.

Zhu Q, Liu Y, Lu, JQ, et al. Further results on 
the controllability of Boolean control 
networks. IEEE TAC, 2018.

𝑂𝑂(22𝑛𝑛)

𝑂𝑂(23𝑛𝑛)

𝑂𝑂(24𝑛𝑛)

Warshall algorithm
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Controllability under different controls

Mixed control strategy[Cheng et al. IEEE CSL, 2018]

Cheng D, Li C, Zhang X, et al. Controllability of Boolean networks via mixed controls[J]. IEEE Control Systems Letters, 2018, 2(2): 254-259.

(21)



单击此处编辑母版标题样式

• 单击此处编辑母版文本样式
• 第二级

• 第三级
• 第四级

• 第五级

单击此处编辑母版标题样式

• 单击此处编辑母版文本样式

– 第二级

• 第三级
– 第四级

» 第五级

Controllability under different controls

Pinning control [Lu J.Q. et al. IEEE TAC, 2016]
Control inputs 

are only injected 
on a fraction of 

nodes!

Lu J, Zhong J, Huang C, et al. On pinning controllability of Boolean control networks. IEEE TAC, 2016, 61(6): 1658-1663.

(2)

5:



单击此处编辑母版标题样式

• 单击此处编辑母版文本样式
• 第二级

• 第三级
• 第四级

• 第五级

单击此处编辑母版标题样式

• 单击此处编辑母版文本样式

– 第二级

• 第三级
– 第四级

» 第五级

Controllability under different controls
Sampled-data control [Zhu Q.X. et al. IEEE TCNS, 2019]

Zhu Q, Liu Y, Lu J, et al. Controllability and observability of Boolean control networks via sampled-data control. IEEE CNS, 2018, 6(4): 1291-1301.

𝒕𝒕𝒍𝒍 = 𝒍𝒍𝝉𝝉, 𝒍𝒍 ∈ 𝑵𝑵 are 
sampling instants, and 
𝒕𝒕𝒍𝒍+𝟏𝟏 − 𝒕𝒕𝒍𝒍 = 𝝉𝝉 is constant 

sampling period

0 𝜏𝜏

0 𝛼𝛼𝑡𝑡𝜏𝜏

(1)



单击此处编辑母版标题样式

• 单击此处编辑母版文本样式
• 第二级

• 第三级
• 第四级

• 第五级

单击此处编辑母版标题样式

• 单击此处编辑母版文本样式

– 第二级

• 第三级
– 第四级

» 第五级

Part 4: 
Several special kinds of BNs
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Several special kinds of BNs

Switched Boolean 
network

Boolean networks
with time delays

Conjunctive Boolean 
Networks

Large-scale Boolean 
Networks
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Switched Boolean networks (SBNs)

While typical Boolean networks are described by purely discrete dynamics, the
dynamics of gene regulatory networks in practice are often governed by different
switching models.

• A practical example is the cell’s growth and division in a eukaryotic cell, which are
usually described as a sequence of four processes triggered by a set of conditions or
events. In this case, the cell differentiation can be viewed as a switched system.

• Another typical example is the genetic switch in the bacteriophage 𝜆𝜆, which contains
two distinct models, that is, lysis and lysogeny.

Thus, it is necessary for us to investigate switched Boolean control networks (BCNs).
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» 第五级Switched Boolean network

Controllability

Stability and stabilization
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» 第五级2012年 2014年 2015年

Li H and Wang Y [1] first proposed the

necessity of studying switched Boolean

networks and studied the controllability of

switched Boolean control networks.

On controllability of switched Boolean networks 

[1] Li H and Wang Y. On reachability and controllability of switched Boolean control networks. Automatica, 2012, 48: 2917-2922.
[2] Chen H and Sun J. Output controllability and optimal output control of state-dependent switched Boolean control networks. Automatica, 2014, 50(7): 1929-1934.
[3] Li H and Wang Y. Controllability analysis and control design for switched Boolean networks with state and input constraints. SIAM Journal on Control and Optimization, 2015, 53(5): 2955-2979.
[4] Zhang Q, Feng J, Pan J, et al. Set controllability for switched Boolean control networks. Neurocomputing, 2019, 359: 476-482.

Zhang Q , et al., [4] first studied set

controllability for switched Boolean

control networks.

Li H and Wang Y [3] first studied the

controllability of switched Boolean

control networks with state and input

constraints.

2019年

Chen H and Sun J [2] first proposed state-dependent switched

Boolean control network and studied the output controllability

of state-dependent switched Boolean control networks.
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Representative results [1]

Consider a switched BCN with 𝑛𝑛 nodes, 𝑚𝑚 control inputs and 𝑤𝑤 sub-networks as

where 𝜎𝜎 ∶ 𝑁𝑁 → 𝑊𝑊 = {1, 2, . . . ,𝑤𝑤} is the switching signal. Given a finite-time switching signal 𝜎𝜎 ∶
{0, 1, . . . , 𝑙𝑙} → 𝑊𝑊 with 𝑙𝑙 a given positive integer, set 𝜎𝜎(𝑘𝑘) = 𝑖𝑖𝑘𝑘 , 𝑘𝑘 = 0, 1, . . . , 𝑙𝑙. Then, we obtain the
following switching sequence: 𝜋𝜋 ∶= {(0, 𝑖𝑖0), (1, 𝑖𝑖1), . . . , (𝑙𝑙, 𝑖𝑖𝑙𝑙)}.

Model (free-form switching signals)

[1] Li H and Wang Y. On reachability and controllability of switched Boolean control networks. Automatica, 2012, 48: 2917-
2922.

(3)
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Representative results [1]

Using the vector form of logical variables 𝑥𝑥𝑖𝑖 and 𝑢𝑢𝑖𝑖, and setting
𝑥𝑥 =⋉𝑖𝑖=1

𝑛𝑛 𝑥𝑥𝑖𝑖 and 𝑢𝑢 =⋉𝑖𝑖=1
𝑚𝑚 𝑢𝑢𝑖𝑖, the SBN can be expressed as

𝑥𝑥(𝑡𝑡 + 1) = 𝐿𝐿𝜎𝜎(𝑡𝑡)𝑢𝑢(𝑡𝑡)𝑥𝑥(𝑡𝑡), (6)

[1] Li H and Wang Y. On reachability and controllability of switched Boolean control networks. Automatica, 2012, 48: 2917-
2922.

Main results 
(switching-input-state incidence matrix)
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Representative results [1]

Main results 
(switching-input-state incidence matrix)

[1] Li H and Wang Y. On reachability and controllability of switched Boolean control networks. Automatica, 2012, 48: 2917-2922.
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Consider a state-dependent switched Boolean control network

where 𝑥𝑥𝑖𝑖(𝑡𝑡) ∈ 𝐷𝐷, 𝑖𝑖 = 1, 2, . . . ,𝑛𝑛 are Boolean variables, 𝑢𝑢𝑖𝑖(𝑡𝑡) ∈ 𝐷𝐷, 𝑖𝑖 = 1, 2, . . . ,𝑚𝑚, are control inputs. 𝜎𝜎 ∶
𝑁𝑁 → 𝑊𝑊 = {1, 2, . . . ,𝑤𝑤} is the state-dependent switching signal. Using the properties of the semi-tensor
product, we have

𝜎𝜎(𝑡𝑡) = 𝑄𝑄𝑄𝑄(𝑡𝑡),
where 𝑄𝑄 ∈ ℒ𝑤𝑤×2𝑛𝑛.

Representative results [2]

Model (state-feedback switching signals)

[2] Chen H and Sun J. Output controllability and optimal output control of state-dependent switched Boolean control
networks. Automatica, 2014, 50(7): 1929-1934.

(2)

(5)

(6)
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Representative results [2]

Main results 

[2] Chen H and Sun J. Output controllability and optimal output control of state-dependent switched Boolean control
networks. Automatica, 2014, 50(7): 1929-1934.

Definition
The system is said to be output-controllable
at the initial state 𝑥𝑥(0), if for any destination
output state 𝑦𝑦𝑓𝑓 ∈ Δ2𝑝𝑝 , one can always find 𝑇𝑇
and a control sequence 𝑢𝑢(0),𝑢𝑢(1), . . . ,𝑢𝑢(𝑇𝑇 −
1), under which 𝑦𝑦(𝑇𝑇) = 𝑦𝑦𝑓𝑓. The system is said
to be output-controllable, if the system is
output-controllable at any 𝑥𝑥(0) ∈ Δ2𝑛𝑛.

Consider the state-dependent switched Boolean networks with 
controls inputs 𝒖𝒖(𝒕𝒕 + 𝟏𝟏) = 𝑮𝑮𝑮𝑮(𝒕𝒕)
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Representative results [2]

Main results 

[2] Chen H and Sun J. Output controllability and optimal output control of state-dependent switched Boolean control
networks. Automatica, 2014, 50(7): 1929-1934.

Consider the state-dependent switched Boolean networks (5) with a free control sequence 
(Set 𝒖𝒖(𝒕𝒕) = 𝒖𝒖𝟏𝟏(𝒕𝒕)𝒖𝒖𝟐𝟐(𝒕𝒕) · · · 𝒖𝒖𝒖𝒖(𝒕𝒕). Then 𝒖𝒖(𝒕𝒕) ∈ 𝑫𝑫𝑫𝑫, 𝒕𝒕 = 𝟏𝟏,𝟐𝟐, . . . , is a designed control sequence)
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Representative results [3]

An SBN with state and input constraints can be described as

Let |𝐶𝐶𝑥𝑥| = 𝛼𝛼 and |𝐶𝐶𝐶𝐶| = 𝛽𝛽; then the state’s constraint set and the input’s constraint set can be
expressed as 𝐶𝐶𝑥𝑥 = {𝛿𝛿2𝑛𝑛

𝑖𝑖𝑘𝑘 : 𝑘𝑘 = 1, . . . ,𝛼𝛼; 𝑖𝑖1 < · · · < 𝑖𝑖𝛼𝛼} and 𝐶𝐶𝑢𝑢 = {𝛿𝛿2𝑚𝑚
𝑗𝑗𝑘𝑘 : 𝑘𝑘 = 1, . . . ,𝛽𝛽; 𝑗𝑗1 < · · · <

𝑗𝑗𝛽𝛽}, respectively.

Model

[3] Li H and Wang Y. Controllability analysis and control design for switched Boolean networks with state and input
constraints. SIAM Journal on Control and Optimization, 2015, 53(5): 2955-2979.
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Representative results [3]

Main results (Constrained incidence matrix)

where

Define the following block selection matrices:

Using the block selection matrices, we thus obtain a new matrix 
for each 𝑖𝑖 as follows:

The constrained incidence matrix

[3] Li H and Wang Y. Controllability analysis and control design for switched Boolean networks with state and input
constraints. SIAM Journal on Control and Optimization, 2015, 53(5): 2955-2979.
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Representative results [4]

Main results (Set controllability )

[4] Zhang Q, Feng J, Pan J, et al. Set controllability for switched Boolean control networks. Neurocomputing, 2019, 359: 476-
482.

(5)
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Stability and stabilization of switched Boolean networks 

Switched 
Boolean 
network

stabilization

stability

Global stability at a 
limit cycle [6]

Set stabilization [9]

stochastic switched 
signals [10]

Global stability at a 
fixed point [5]

a common strict-
Lyapunov function 

method [7]

Under arbitrary 
switching signal state transition 

matrix method [8]
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Representative results [5]

Consider a switched BCN with 𝑛𝑛 nodes, 𝑚𝑚 control inputs and 𝑤𝑤 sub-networks as

where 𝜎𝜎:𝑁𝑁 → 𝑊𝑊 = {1, 2, . . . ,𝑤𝑤} is the switching signal.

Model

[5] Li H and Wang Y. Consistent stabilizability of switched Boolean networks. Neural Networks, 2013, 46: 183-189.

(3.1)

(3.4)
(3.5)

(3.6)
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Representative results [5]

Model

[5] Li H and Wang Y. Consistent stabilizability of switched Boolean networks. Neural Networks, 2013, 46: 183-189.
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Representative results [5]

Main results (Consistent stabilizability of SBNs)

[5] Li H and Wang Y. Consistent stabilizability of switched Boolean networks. Neural Networks, 2013, 46: 183-189.

Consider the consistent stabilizability of the system 
(3.1) by a free-form switching signal.

Consider the consistent stabilizability of the system
(3.1) by a state-feedback switching signal.
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Representative results [6]

Main results (Global stability at a limit cycle )

[6] Li F. Global stability at a limit cycle of switched Boolean networks under arbitrary switching signals. Neurocomputing,
2014, 133: 63-66.

(1)

(3)
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Representative results [7]

Model

[7] Li H, Wang Y. Lyapunov-based stability and construction of Lyapunov functions for Boolean networks. SIAM Journal on
Control and Optimization, 2017, 55(6): 3437-3457.

(4.3)
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Representative results [7]

Main results (a common strict-Lyapunov function method)
Theorem 4.2. Consider the SBN (4.1). The system is asymptotically stable at 𝑥𝑥𝑒𝑒
under arbitrary switching signal if and only if all the 𝑤𝑤 subnetworks share a
common strict-Lyapunov function 𝑉𝑉(𝑥𝑥) in the form of (3.3) satisfying 𝑉𝑉(𝑥𝑥𝑒𝑒) =
0.
Remark 4.3. The method to find a common strict-Lyapunov function for the SBN
(4.1) contains the following steps:
(i) Express the SBN (4.1) as (4.3).
(ii) Solve the set of inequalities

and obtain a solution (𝑎𝑎1,𝑎𝑎2, … ,𝑎𝑎2𝑛𝑛−1, 0).
(iii) With the obtained solution, find out (0, 𝑐𝑐1, … , 𝑐𝑐2𝑛𝑛−1) by (3.11). Then, a
common strict-Lyapunov function of the SBN (4.1) is given as (4.8).

(3.3)

(3.11)

(4.8)
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Representative results [8]

Model

[8] Li H, Wang Y, Liu Z. Stability analysis for switched Boolean networks under arbitrary switching signals. IEEE Transactions
on Automatic Control, 2014, 59(7): 1978-1982.

（3）
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Representative results [8]

Main results (state transition matrix method)

Remark: The necessary and
sufficient condition given in
Theorem 3 only needs to
calculate matrix 𝑴𝑴𝑲𝑲∗ , thus
avoiding the tedious step of
constructing common strict
Lyapunov functions.

[8] Li H, Wang Y, Liu Z. Stability analysis for switched Boolean networks under arbitrary switching signals. IEEE Transactions
on Automatic Control, 2014, 59(7): 1978-1982.
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Representative results [9]

Main results (Set stabilization)

[9] Li F, Tang Y. Set stabilization for switched Boolean control networks. Automatica, 2017, 78: 223-230.

(1)

(4)
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Representative results [9]

Main results (Set stabilization)
Set stabilization in the case of the control input 
is independent of the switching signal

Set stabilization in the case of the control
sequence is dependent on the switching signal
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Representative results [10]

[10] Fang M, Wang L, Wu Z G. Asynchronous stabilization of Boolean control networks with stochastic switched signals. IEEE
Transactions on Systems, Man, and Cybernetics: Systems, 2019.

Model

(3)



单击此处编辑母版标题样式

• 单击此处编辑母版文本样式
• 第二级

• 第三级
• 第四级

• 第五级

单击此处编辑母版标题样式

• 单击此处编辑母版文本样式

– 第二级

• 第三级
– 第四级

» 第五级

Representative results [10]

[10] Fang M, Wang L, Wu Z G. Asynchronous stabilization of Boolean control networks with stochastic switched signals. IEEE
Transactions on Systems, Man, and Cybernetics: Systems, 2019.

Main results
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Boolean networks with time delays

 Time delay phenomena is very common in real world, for instance,
economic, biological and physiological systems and so on. It is well
known that, in many cases, time delay cannot be avoided in practice
and it often results in some poor performance.

 Thus, it is necessary for us to investigate Boolean networks with time
delays.
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time delays

Controllability

Stability and stabilization
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Boolean networks with time delays

Boolean 
networks 
with time 

delays

time-variant 
delays

time-invariant 
delays Stability and 

stabilization

unbounded time delays [3]

Controllability

State 
controllability

Trajectory 
controllability [4]

States delays [1]

Both states and 
inputs delays [2]

Multiple Time 
Delays[5]

Controllability

Set stabilization [6]

Delayed Feedback Control [7]

Stability and 
stabilization stochastic delays [8]
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Representative results [1]

Model

[1] Li F, Sun J. Controllability of Boolean control networks with time delays in states. Automatica, 2011, 47(3): 603-607.

Consider Boolean control networks with time-invariant integer delays in states as follows:

where 𝜏𝜏 is a positive integer delay.
(1) The controls are logical variables satisfying certain logical rules, called input networks

such as:

(2) The control is a free Boolean sequence.

(4)

(5)

(8)
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Representative results [1]

Main results (under control (1)) 

[1] Li F, Sun J. Controllability of Boolean control networks with time delays in states. Automatica, 2011, 47(3): 603-607.
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Representative results [1]

Main results (under control (2)) 

[1] Li F, Sun J. Controllability of Boolean control networks with time delays in states. Automatica, 2011, 47(3): 603-607.
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Representative results [2]

Model

[2] Han M, Liu Y, Tu Y. Controllability of Boolean control networks with time delays both in states and inputs.
Neurocomputing, 2014, 129: 467-475.

Consider Boolean control network with time-invariant integer delays in both 
states and controls as follows:  
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Representative results [3]

Model

[3] Zhang L, Zhang K. Controllability and observability of Boolean control networks with time-variant delays in states. IEEE
transactions on neural networks and learning systems, 2013, 24(9): 1478-1484.

Consider the following Boolean control networks with 𝑛𝑛 nodes,
𝑚𝑚 inputs, 𝑞𝑞 outputs, and time delays in states:

(5)
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[7] Li F, Sun J. Controllability of boolean control networks with time delays in states, Automatica, 47(3): 603–607, 2011.
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This paper is devoted to studying the trajectory and state controllability of
BCNs with time delay. In contrast to BCNs without time delay, the dynamics
of delayed BCNs are determined by a sequence of initial states, named here
trajectories. Trajectory controllability means that there exists a control signal
steering a system from an initial trajectory to a desired trajectory, while state
controllability means that there exists a control signal steering an initial state
to a given state.

Here, both trajectory controllability and state controllability are studied. It
should be noted that in this paper, trajectory controllability does not mean
tracking or following a given trajectory. In fact it means to control BCNs to a
destination trajectory of length 𝜇𝜇 at the 𝑘𝑘-th step.

On controllability of delayed Boolean control networks
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[4] J.Q. Lu*, J. Zhong, D.W.C. Ho, Y. Tang and J.D. Cao. On controllability of delayed Boolean control networks. SIAM
Journal on Control and Optimization, 54(2): 475-494, 2016.

A BCN with high order time delay:

where 𝜇𝜇 is a positive integer denoting the length of the initial states sequence. 

where 

Let then, we get algebraic form:

Further, we obtain
(2)

(3)

(1)
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Remarks: 
(a) Here, we call 𝑥𝑥(𝑡𝑡) the state of the delayed BCN (1) and (𝑥𝑥(𝑡𝑡 − 𝜇𝜇 +
1), … , 𝑥𝑥(𝑡𝑡)) as the trajectory of length 𝜇𝜇 (abbreviated as trajectory).
(b) Since the dynamics of the delayed BCN (1) is determined by its
initial state sequence (𝑥𝑥(1 − 𝜇𝜇), … , 𝑥𝑥(0)) (or named as initial trajectory),
it is meaningful to study the trajectory controllability of the delayed
BCN (1).
(c) Here, the trajectory means a state sequence of length "𝜇𝜇”, and the 𝑡𝑡-
th trajectory of delayed BCN (1) or (1) is denoted by 𝑋𝑋(𝑡𝑡) = (𝑥𝑥(𝑡𝑡 − 𝜇𝜇 +
1), … , 𝑥𝑥(𝑡𝑡)).
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[4] J.Q. Lu*, J. Zhong, D.W.C. Ho, Y. Tang and J.D. Cao. On controllability of delayed Boolean control networks. SIAM
Journal on Control and Optimization, 54(2): 475-494, 2016.

Definition Consider the delayed BCN (1). Given initial trajectory 𝑋𝑋(0) = (𝑥𝑥(1 −
𝜇𝜇), 𝑥𝑥(2 − 𝜇𝜇), … , 𝑥𝑥(0)) and destination trajectory 𝑋𝑋𝑑𝑑 = (𝑥𝑥𝑑𝑑1 , 𝑥𝑥𝑑𝑑2, … , 𝑥𝑥𝑑𝑑

𝜇𝜇):

1. 𝑋𝑋𝑑𝑑 is said to be trajectory controllable (or trajectory reachable) from 𝑋𝑋(0) at the
𝑘𝑘-th step, if we can find a sequence of control 𝑈𝑈(𝑘𝑘) = (𝑢𝑢(0), … ,𝑢𝑢(𝑘𝑘 − 1)) such that
𝑋𝑋(0) can be driven to the destination trajectory 𝑋𝑋𝑑𝑑, that is 𝑋𝑋(𝑘𝑘) = 𝑋𝑋𝑑𝑑.
2. The set of all trajectories that are trajectory reachable from 𝑋𝑋(0) at the k-th step is
said to be the 𝑘𝑘-step trajectory reachable set of 𝑋𝑋(0), denoted by 𝑅𝑅𝑘𝑘𝑡𝑡 (𝑋𝑋(0)).
3. The set of all trajectories that are trajectory reachable from 𝑋𝑋(0) is said to be the
trajectory reachable set of 𝑋𝑋(0), denoted by 𝑅𝑅𝑡𝑡 𝑋𝑋 0 .
4. System (1) is said to be trajectory controllable from 𝑋𝑋(0) if 𝑅𝑅𝑡𝑡(𝑥𝑥(0)) = Δ2𝜇𝜇𝜇𝜇 .
And it is said to be trajectory controllable if it is trajectory controllable from any
initial trajectory 𝑋𝑋(0).
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Theorem 4
1. The destination trajectory 𝑋𝑋𝑑𝑑 = (𝑥𝑥𝑑𝑑1 , 𝑥𝑥𝑑𝑑2, … , 𝑥𝑥𝑑𝑑

𝜇𝜇) with 𝑥𝑥𝑑𝑑𝑖𝑖 ∈ Δ2𝑛𝑛 is reachable from the initial trajectory
𝑋𝑋(0) at the k-th step by𝑢𝑢(0), … ,𝑢𝑢(𝑘𝑘 − 1) if and only if 𝑦𝑦𝑑𝑑 =⋉𝑖𝑖=1

𝜇𝜇 𝑥𝑥𝑑𝑑𝑖𝑖 ∈ 𝐶𝐶𝐶𝐶𝐶𝐶{ �𝐿𝐿 𝑘𝑘 𝑦𝑦(0)}, where �𝐿𝐿 =
𝐿𝐿𝑊𝑊[2𝜇𝜇 𝑛𝑛,2𝑚𝑚];

2. If we assume that 𝑠𝑠∗ is the smallest 𝑠𝑠 > 0 such that 𝐶𝐶𝐶𝐶𝐶𝐶{�𝐿𝐿𝑠𝑠+1 ⋉𝑖𝑖=1
𝜇𝜇 𝑥𝑥 𝑖𝑖 } ⊆ 𝐶𝐶𝐶𝐶𝐶𝐶{�𝐿𝐿𝑠𝑠+1 ⋉𝑖𝑖=1

𝜇𝜇 𝑥𝑥(𝑖𝑖)|𝑗𝑗 =
1, 2, … , 𝑠𝑠}, then the reachable trajectory set of ⋉𝑖𝑖=1−𝜇𝜇

0 𝑥𝑥(𝑖𝑖) is
𝑅𝑅(⋉𝑖𝑖=1−𝜇𝜇

0 𝑥𝑥(𝑖𝑖)) = ⋃𝑗𝑗=1𝑠𝑠∗ 𝐶𝐶𝐶𝐶𝐶𝐶{�𝐿𝐿𝑗𝑗 ⋉𝑖𝑖=1−𝜇𝜇
0 𝑥𝑥 𝑖𝑖 }.

Let The number of different control sequences from 𝑦𝑦(0) = 𝑦𝑦𝑎𝑎 to 𝑦𝑦(𝑘𝑘) = 𝑦𝑦𝑏𝑏 is given.

Theorem 5: Consider the BCN (1), it is trajectory controllable if and only if 𝑄𝑄 is 
irreducible.
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If the state 𝑥𝑥(𝑡𝑡 − 𝑘𝑘 + 𝜇𝜇) = δ2𝜇𝜇 𝑛𝑛
𝑝𝑝 , then the trajectory 𝑦𝑦(𝑡𝑡) belongs to the following set:

Theorem 6: The destination state δ2𝜇𝜇 𝑛𝑛
𝑝𝑝 is reachable from the initial state sequence 𝑎𝑎 =

⋉𝑖𝑖=1−𝜇𝜇
0 𝑥𝑥 𝑖𝑖 at the 𝑘𝑘-th step by a free control sequence 𝑢𝑢 0 ,𝑢𝑢 1 , … ,𝑢𝑢(𝑘𝑘 − 1) if and only if

Theorem 7 𝑁𝑁2(𝑘𝑘; 𝑎𝑎, 𝑏𝑏𝑠𝑠) is the number of different control sequences from 𝑎𝑎 =⋉𝑖𝑖=1−𝜇𝜇
0 𝑥𝑥 𝑖𝑖

to x(k)=𝑏𝑏𝑠𝑠 is

Remarks: Consider the delayed BCN (1) without any forbidden states or trajectories. If it is 
trajectory controllable, then it must be state controllable.



单击此处编辑母版标题样式

• 单击此处编辑母版文本样式
• 第二级

• 第三级
• 第四级

• 第五级

单击此处编辑母版标题样式

• 单击此处编辑母版文本样式

– 第二级

• 第三级
– 第四级

» 第五级

Representative results [5]

Model (multiple time delays)

[5] Ding Y, Xie D, Guo Y. Controllability of Boolean control networks with multiple time delays. IEEE Transactions on
Control of Network Systems, 2017, 5(4): 1787-1795.
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networks with state delay, IEEE Transactions on Networks and Learning Systems, 29(7):3283-3288, 2018.

In this brief, we study the delayed feedback stabilization problem for
Boolean control networks (BCNs) with state delay.

Using the semi-tensor product of matrices, some necessary and sufficient
conditions are obtained. For the stabilization of BCNs, detailed procedure
to construct the feedback controllers is also presented.

We further derive the number of different feedback controllers, which can
successfully stabilize the BCN in a finite time.

Delayed feedback control for stabilization of Boolean control networks 
with state delay
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Model

[7] R. J. Liu, J. Q. Lu*, Y. Liu, J. D. Cao, and Z.G. Wu. Delayed feedback control for stabilization of Boolean control
networks with state delay, IEEE Transactions on Networks and Learning Systems, 29(7):3283-3288, 2018.

Definition 1. The BCN (1) is said to be globally stabilized
to a given state 𝑋𝑋𝑔𝑔 = 𝑥𝑥1

𝑔𝑔, 𝑥𝑥2
𝑔𝑔, … , 𝑥𝑥𝑛𝑛

𝑔𝑔 ∈ 𝒟𝒟𝑛𝑛,if for any initial
state 𝑋𝑋 −𝜏𝜏 ,𝑋𝑋 −𝜏𝜏 + 1 , … ,𝑋𝑋 0 ∈ 𝒟𝒟𝑛𝑛, there exist a
control sequence 𝑈𝑈 𝑡𝑡 , 𝑡𝑡 ∈ ℕ+, and a positive integer 𝑁𝑁
such that 𝑋𝑋 𝑡𝑡 = 𝑋𝑋𝑔𝑔, for ∀𝑡𝑡 ≥ 𝑁𝑁.

Objective: design state feedback
controller in the form

(1)
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[7] R. J. Liu, J. Q. Lu*, Y. Liu, J. D. Cao, and Z.G. Wu. Delayed feedback control for stabilization of Boolean control
networks with state delay, IEEE Transactions on Networks and Learning Systems, 29(7):3283-3288, 2018.

With the help of STP:
𝑥𝑥 𝑡𝑡 + 1 = 𝐹𝐹𝐹𝐹 𝑡𝑡 − 𝜏𝜏 𝑢𝑢 𝑡𝑡 − 𝜏𝜏 (2)

𝑢𝑢 𝑡𝑡 = 𝐾𝐾𝐾𝐾 𝑡𝑡 (3)

Key procedure:

Theorem 3: The system can be globally stabilized to
state 𝑥𝑥𝑔𝑔 = 𝛿𝛿2𝑛𝑛

𝜃𝜃 by a state feedback controller (3) if and
only if the following conditions are satisfied:
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Model (Stochastic Delays)

[8] Meng M, Lam J, Feng J E, et al. Stability and stabilization of Boolean networks with stochastic delays. IEEE Transactions
on Automatic Control, 2018, 64(2): 790-796.

(4)
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[8] Meng M, Lam J, Feng J E, et al. Stability and stabilization of Boolean networks with stochastic delays. IEEE Transactions
on Automatic Control, 2018, 64(2): 790-796.
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Conjunctive Boolean Networks (CBNs)

A BN is conjunctive if the associated 
value update rule is comprised of only
AND operations.



A canalyzing function is such that if
an input of the function holds a certain
value, called the ‘‘canalyzing value’’,
then the output value of the function is
uniquely determined regardless of the
other values of the inputs.



The conjunctive Boolean network is
monotonic.


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Conjunctive Boolean Networks (CBNs）

Stability[1]

Controllability[2]

[1] Z. Gao, X. Chen and T. Basar, Stability structures of conjunctive Boolean networks, Automatica, 
2018, 89: 8-20.
[2] Z. Gao, X. Chen and T. Basar,  Controllability of conjunctive Boolean networks with application to 
gene regulation, IEEE Transactions on Control of Network Systems, 2017, 5(2): 770-781.
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Conjunctive Boolean Networks (CBNs)                   

 Let D = (V, E) be a directed graph.
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Conjunctive Boolean Networks (CBNs) 



K. Varadarajan and K. Wehrhahn, Aperiodic rings, necklace rings, and Witt vectors, Advances in 
Mathematics, 81(1): 1-29, 1990.
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Stability[1]
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Jarrah, A.S., Laubenbacher, R. and Veliz-Cuba, A. The Dynamics of Conjunctive and Disjunctive 
Boolean Network Models, Bull. Math. Biol., 72: 1425–1447, 2010.
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Conjunctive Boolean Networks (CBNs) 

We assume that the dependency graph D is strongly connected.

It can be written as the union of its cycles, i.e.
are the cycles of D.

Let ni be the length of Di.

Jarrah, A.S., Laubenbacher, R. and Veliz-Cuba, A. The Dynamics of Conjunctive and Disjunctive 
Boolean Network Models, Bull. Math. Biol., 72: 1425–1447, 2010.
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The stability of 
periodic orbits 

(Stability 
Structure)

A bijection between
the set of periodic
orbits and the set of
binary necklaces

Induced 
dynamics

(irreducible 
components)

 Framework:
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be the state of the network.
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Conjunctive Boolean Networks (CBNs）

Controllability[2]

Orbit-controllability

State-controllability
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Two questions:
(1) How can one steer the system from any initial state to any desired
periodic orbit?

♦ If this is possible, we say that the system is orbit-controllable and
the subset of variables whose values are determined by external
inputs (the controls) is termed the orbit-controlling set.

(2) How can one steer the system from any initial state to any desired
final state?
♦ If this is possible, we say that the system is state-controllable and

the subset of variables whose values are determined by external
inputs (the controls) is termed the state-controlling set.
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



[42] Z. Gao, X. Chen, and T. Basar, State-controlling sets for conjunctive Boolean networks, in Proc. 20th IFAC 
World Congr., Toulouse, France, 14855–14860, 2017.
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(1)
(1),

(1)
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Orbit-controllability♣
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Orbit-controllability♣
 The desired periodic orbit is 
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State-controllability♣

We do not require that the dependency graph D be strongly connected.
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State-controllability♣
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A novel 
pinning framework

Model Reduction

Controllability and Observability

Pinning Stabilization

Large-scale Boolean Networks
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Why do we need a 
novel framework for 

pinning control?

A Novel Pinning Framework

𝑴𝑴 grows exponentially with network size

Information of network structure is missing

Difficult for large dimension BNs

Disadvantages of
using 𝒙𝒙 𝒕𝒕 + 𝟏𝟏 = 𝑳𝑳𝒙𝒙(𝒕𝒕) (2)

The existing largest BN 
model (90 nodes) [27]:

𝟐𝟐𝟗𝟗𝟗𝟗 = 𝟏𝟏.𝟐𝟐𝟒𝟒 × 𝟏𝟏𝟏𝟏𝟐𝟐𝟐𝟐 !

[27] J. Saez-Rodriguez, et al. A logical model provides insights into T-cell receptor signaling, PLoS Computational Biology 3(8): e163, 2007.
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[28] Faure A, et al. Dynamical analysis of a generic Boolean model for the control of the mammalian cell cycle, Bioinformatics, 2006. 

VS

Definition 2 [28]: (Interaction digraph) The interaction digraph of a BN (2) is a
digraph denoted by 𝑮𝑮 = (𝑽𝑽,𝑬𝑬) , 𝑉𝑉 = {𝑥𝑥1, … , 𝑥𝑥𝑛𝑛}. An edge 𝑥𝑥𝑖𝑖 → 𝑥𝑥𝑗𝑗 exists in 𝐺𝐺 =
(𝑉𝑉,𝐸𝐸) if and only if logical function 𝒇𝒇𝒋𝒋 is dependent on 𝒙𝒙𝒊𝒊.

Interaction digraph (10 nodes) State transition digraph (𝟐𝟐𝟏𝟏𝟏𝟏 = 𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 nodes)
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Lemma 1 [28]: BNs are globally stable if the
corresponding interaction digraph is acyclic.

[28] Faure A, et al. Dynamical analysis of a generic Boolean model for the control of the mammalian cell cycle, Bioinformatics, 2006.
[29] J. Zhong, D.W.C. Ho and J. Lu. A New Framework for Pinning Control of Boolean Networks, https://arxiv.org/abs/1912.01411. 

Steady state 
is unknown!

[29]Global 
Stabilization w.r.t.
Steady state 𝛿𝛿2𝑛𝑛

𝛾𝛾

Step Two: Transform structure matrices of 
controlled nodes, such that 𝒂𝒂𝟏𝟏, … ,𝒂𝒂𝒏𝒏 ∼ 𝜹𝜹𝟐𝟐𝒏𝒏

𝜸𝜸 will 
be the unique steady state. 

Step One: Delete the minimum number of edges 
in 𝐺𝐺=(𝑉𝑉,𝐸𝐸) , such that 𝐺𝐺=(𝑉𝑉,𝐸𝐸) becomes acyclic.

Problem 1：
How to find control nodes?

Problem 2: 
How to control these nodes?

Problem 3:
How to control Steady State?
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A Novel Pinning Framework

For given set of cycles 𝐶𝐶 = {𝐶𝐶1, … ,𝐶𝐶𝑝𝑝} and fixed points 𝐹𝐹 = {𝐹𝐹1, … ,𝐹𝐹𝑞𝑞}, 
for every 𝑖𝑖 ∈ [1, 𝑝𝑝] and 𝑗𝑗 ∈ [1, 𝑞𝑞], we try to find edges 𝑒𝑒𝑖𝑖 ∈ Υ(𝐶𝐶𝑖𝑖), 𝐸𝐸𝑗𝑗 ∈
Υ(𝐹𝐹𝑖𝑖), minimize the cost function

subject to constraint

Problem 1：
How to Find 

Control Nodes

find the minimum number of edges 
that should be deleted

find the minimum number of ending 
points for those selected edges

[29] J. Zhong, D.W.C. Ho and J. Lu. A New Framework for Pinning Control of Boolean Networks, https://arxiv.org/abs/1912.01411. 

Control nodes

depth-first search algorithm
+

linear programming method
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A Novel Pinning Framework

Consider nodes 𝑥𝑥𝑖𝑖 , 𝑖𝑖 ∈ {𝜔𝜔1, … ,𝜔𝜔 𝐶𝐶1 } , that are selected to be controlled, 
find matrices 𝐴̃𝐴𝜔𝜔𝑖𝑖 ∈ ℒ2× 2 𝑁𝑁𝜔𝜔𝑖𝑖

, 𝐴̂𝐴𝜔𝜔𝑖𝑖 ∈ ℒ2× 2
�𝑁𝑁𝜔𝜔𝑖𝑖

, such that

where

In-neighbors of 
controlled nodes

Step 2.1: Solve Feasible 
Structure Matrices

Step 2.2: Update 
Structure Matrices

in-neighbors of controlled nodes 
that are deleted in 𝑮𝑮 = (𝑽𝑽,𝑬𝑬)

Lemma 1: For 𝑥𝑥𝜔𝜔𝑗𝑗 𝑡𝑡 + 1 = 𝐴𝐴𝜔𝜔𝑗𝑗 ⋉𝑗𝑗∈𝑁𝑁𝜔𝜔𝑗𝑗 𝑥𝑥𝑗𝑗(𝑡𝑡), 𝑗𝑗 ∈ [1,𝐶𝐶1], swap the positions of neighbors in the following form:

where
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Solve matrices 𝑀𝑀⊕𝑗𝑗 ∈ ℒ2× 4 and 𝐾𝐾𝑗𝑗 ∈ ℒ2⋉2|𝑁𝑁𝑗𝑗| , 𝑗𝑗 ∈ {𝜔𝜔1, … ,𝜔𝜔|𝐶𝐶1|}, from:

A Novel Pinning Framework

[30] F. Li, Pinning control design for the stabilization of Boolean networks, ” IEEE Trans. Neural Netw. Learn. Syst, vol. 27, pp. 1585–1590, 2015.

Step 2.3: Solve Matrix Equations

The updated structure matrix in 
Step 2.2 

Feasible structure matrix in 
Step 2.1 

Must be solvable by 
[30]
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A Novel Pinning Framework

Problem 3：
How to control 
Steady State

Let 𝛿𝛿2𝑛𝑛
𝛾𝛾 =⋉𝑖𝑖=1

𝑛𝑛 𝛿𝛿2
𝛾𝛾𝑖𝑖 . Find matrices 𝐴̌𝐴1 ∈ ℒ2× 2 �𝑁𝑁1 , … , 𝐴̌𝐴𝑛𝑛 ∈ ℒ2× 2 �𝑁𝑁𝑛𝑛 and binary

variables 𝛿𝛿1, … , 𝛿𝛿𝑛𝑛 ∈ 𝒟𝒟, minimize the cost function

subject to the following conditions:

 If 𝛿𝛿1 = 1, 𝛿𝛿2
𝛾𝛾1 = 1 − 𝛿𝛿1 𝐴̂𝐴1 + 𝛿𝛿1 𝐴̌𝐴1 ⋉𝑗𝑗∈�𝑁𝑁1 𝛿𝛿2

𝛾𝛾𝑗𝑗 reduces to 𝛿𝛿2
𝛾𝛾1=𝐴̌𝐴1 ⋉𝑗𝑗∈ �𝑁𝑁1 𝛿𝛿2

𝛾𝛾𝑗𝑗 .
This implies that node 𝑥𝑥1 should be controlled and its structure matrix 𝐴̂𝐴1 should be
changed to 𝐴̌𝐴1.

 𝛴𝛴𝑖𝑖=1𝑛𝑛 𝛿𝛿𝑖𝑖: the number of further controlled nodes in Problem 3.
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A Novel Pinning Framework

Example 2: T-Cell receptor signaling BNs (90 nodes) [27]
Cycles exist!

Fig. The interaction digraph.
[27] J. Saez-Rodriguez, et al. A logical model provides insights into T-cell receptor signaling, PLoS 
Computational Biology 3(8): e163, 2007.

The largest 
modeled 

BN



单击此处编辑母版标题样式

• 单击此处编辑母版文本样式
• 第二级

• 第三级
• 第四级

• 第五级

单击此处编辑母版标题样式

• 单击此处编辑母版文本样式

– 第二级

• 第三级
– 第四级

» 第五级

A Novel Pinning Framework

Fig. The state transition graph after control.

The designed pinning control for this network

[29] J. Zhong, D.W.C. Ho and J. Lu. A New Framework for Pinning Control of Boolean Networks, https://arxiv.org/abs/1912.01411. 
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Model Reduction

Model Reduction Algorithm

We can design controller based on the 
reduced Boolean networks

[41] A. Veliz-Cuba, Reduction of Boolean network models, J. Theor. Biol., 289: 167–172, 2011.

(5)(1)
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Pinning Controllability and Observability
Controllability Criterion

Observability Criterion

[45] E. Weiss and M. Margaliot, A polynomial-time algorithm for solving the minimal observability problem in conjunctive Boolean networks, 
IEEE Transactions on Automatic Control, 64(7): 2727–2736, 2019. 
[53] E. Weiss and M. Margaliot, Output selection and observer design for Boolean control networks: A sub-optimal polynomial-complexity 
algorithm, IEEE Control Systems Letters, 3(1): 210–215, 2019.

The BCN is

The BN is

 Zhu S, Lu J, Zhong J, et al. A novel pinning observability strategy for
Boolean networks[J]. arXiv preprint arXiv:1912.02394, 2019.

 Zhu S, Lu J, Azuma S. Pinning Controllability of Boolean Networks:
Application to Large-Scale Genetic Networks[J]. arXiv preprint
arXiv:2007.00171, 2020.



单击此处编辑母版标题样式

• 单击此处编辑母版文本样式
• 第二级

• 第三级
• 第四级

• 第五级

单击此处编辑母版标题样式

• 单击此处编辑母版文本样式

– 第二级

• 第三级
– 第四级

» 第五级

Some of our recent work!
1. J. Zhong, D.W.C. Ho and J. Lu. A New Framework for Pinning Control of Boolean Networks,

https://arxiv.org/abs/1912.01411.
2. Zhu S, Lu J, Zhong J, et al. A novel pinning observability strategy for Boolean networks[J]. arXiv preprint

arXiv:1912.02394, 2019
3. J.Q. Lu*, R.J. Liu, J.G. Lou, and Y. Liu, Pinning Stabilization of Boolean Control Networks via Minimum

Number of Controllers, IEEE Transactions on Cybernetics, doi:10.1109/TCYB.2019.2944659, in press.
4. B.W. Li, and J.Q. Lu*, Boolean-Network-Based Approach for the Construction of Filter Generators, Science

China: Information Sciences, doi:10.1007/s11432-019-2813-7, in press.
5. S.Y. Zhu, J.Q. Lu*, T.W. Huang, and Y. Liu, The output robustness of probabilistic Boolean control networks

with respect to one-bit perturbation, IEEE Transactions on Control of Network Systems,
doi:10.1109/TCNS.2020.2999456, in press, 2020.

6. S.Y. Zhu, J.Q. Lu*, and Y. Liu. Asymptotical Stability of Probabilistic Boolean Networks with State Delays.
IEEE Transactions on Automatic Control, 65(4): 1779-1784, April 2020.

7. B.W. Li, J.Q. Lu*, Y. Liu, and Z.G. Wu. The outputs robustness of Boolean control networks via pinning control.
IEEE Transactions on Control of Network Systems, 7(1):201-209, March 2020.

8. S.Y. Zhu, J.Q. Lu*, and D.W.C. Ho. Finite-Time Stability of Probabilistic Logical Networks: A Topological
Sorting Approach. IEEE Transactions on Circuits and Systems II: Express Briefs, 67(4):695-699, 2020.

9. R.J. Liu, J.Q. Lu*, W.X. Zheng, and J. Kurths. Output feedback control for set stabilization of Boolean control
networks. IEEE Transactions on Neural Networks & Learning Systems, 31(6): 2129-2139, 2020.

10. B.W. Li, J.Q. Lu*, J. Zhong, Y. Liu. Fast-time stability of temporal Boolean networks. IEEE Transactions on
Neural Networks and Learning Systems, 30(8): 2285-2294, August 2019.
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11. S.Y. Zhu, J.Q. Lu*, Y. Liu, T.W. Huang, and J. Kurths. Output Tracking of Probabilistic Boolean Networks by Output
Feedback Control. Information Sciences, 483:96-105, 2019.

12. J.Q. Lu*, L.J. Sun, Y. Liu, D.W.C. Ho, J.D. Cao. Stabilization of Boolean control networks under aperiodic sampled-
data control. SIAM Journal on Control and Optimization, 56(6):4385-4404, 2018.

13. J.Q. Lu*, M.L. Li, T.W. Huang, Y. Liu, J.D. Cao. The transformation between the Galois NLFSRs and the Fibonacci
NLFSRs via semi-tensor product of matrices. Automatica, 96:393-397, 2018.

14. J.Q. Lu*, M.L. Li, Y. Liu, D.W.C. Ho, J. Kurths. Nonsingularity of Grain-like cascade FSRs via semi-tensor product.
Science China: Information Sciences, 61(1):010204, 2018.

15. R.J. Liu, J.Q. Lu*, Y. Liu, J.D. Cao, and Z.G. Wu. Delayed Feedback Control for Stabilization of Boolean Control
Networks with State Delay. IEEE Transactions on Neural Networks and Learning Systems, 29(7):3283-3288, 2018.

16. J.Q. Lu*, H.T. Li, Y. Liu and F.F. Li. Survey on semi-tensor product method with its applications in logical networks
and other finite-valued systems. IET Control Theory & Applications, 11(13): 2040-2047, 2017.

17. J. Zhong, J.Q. Lu*, T.W. Huang, D.W.C. Ho. Controllability and Synchronization Analysis of Identical-Hierarchy
Mixed-valued Logical Control Networks. IEEE Trans. Cybernetics, 47(11): 3482-3493, 2017.

18. J.Q. Lu*, J. Zhong, D.W.C. Ho, Y. Tang and J.D. Cao. On controllability of delayed Boolean control networks. SIAM
Journal on Control and Optimization, 54(2): 475-494, 2016.

19. J.Q. Lu*, J. Zhong, C. Huang and J.D. Cao. On pinning controllability of Boolean control networks. IEEE
Transactions on Automatic Control, 61(6):1658-1663, 2016.

20. J. Zhong, J.Q. Lu*, Y. Liu and J.D. Cao. Synchronization in an array of output-coupled Boolean networks with time
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Some of our recent work!
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