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Optimal control problems for Boolean
Control Networks (BCNSs)

A BCN with n state nodes and m input nodes can be described as

xl(t+ 1) :fl(xl(t)v' o 7xn(t)»u1(t)v' o ’um(t))v

xn(t 1) = fu(ar (1), 3Ot (1), (),

@ state variablesx; € D 2 {0,1},i=1,--- ,n
@ control inputs u; € D,j=1,--- ,m
@ Boolean update law f; : D"t — D
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Optimal Control Problem for BCN (1) or PBCNs
@ Finite horizon case

N—1
1nfE{Zg X, ug) + K( xN)} (2)
k=0

u w
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Optimal Control Problem for BCN (1) or PBCNs
@ Finite horizon case

Jr(x) = inf E {z_:g(Xk,uk) + ’C(XN)} : (@)

u w
k=0

@ Infinite horizon case with discounted criteria

N—1
Jr(xo) = lim — F > afg(xe, (i) 3)

N— oo
k=0,1,--- k=0
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Optimal Control Problem for BCN (1) or PBCNs
@ Finite horizon case

Jr(xo) = inf E {Z_:g(xk,uk) + IC(xN)} ,

u w
k=0

@ Infinite horizon case with discounted criteria

N—1

Jr(xo) = lim E Z X g (o, e (xz)).

N—o0 Wi
k=0,1,--- k=0

@ Infinite horizon case with average criteria
N—1

e
Ja(x0) = IBfA}L“éoN’f; 8 (Xk, u, k)

4/52



Related works on Optimal Control Problem
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Related works on Optimal Control Problem

> Minimum-time control for BCNs
Laschov D, Margaliot M., SIAM J Control Optim, 2013
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Average Optimal control problem for BCNs

Based on STP, the algebraic expression of BCN (1) is as
x(t+1) =L x u(r) x x() (5)
For BCN (5) with a control sequence u = {u(r) : t € Z>(}, consider
1 T—1
J(xo,u) = lim = g(x(r),u(1), (6)

T—o00
t=0

where g : Ay x Ay — R is the per-step cost function.

Then, the optimal cost problem is to find a optimal control sequence
u* = {u*(r) : t € Z>o} such that

N—1

J(xo, ") = J*(x0) :HL}leggoﬁkZ_% 8%k, e, k). (7)
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The infinite horizon problem for deterministic BCNs with average cost
first was addressed by [16]. Based on the graph theory and topology
properties of trajectories, they prove that

Then there exists a logical matrix K* such that the optimal control ux (t)
of Problem (12) satisfying

{x*(t+l) =L><u*(t))>< (1), (8)

w (t+1) =K* xu*(t) x x*(¢).

This approach was described as ”This method is very elegant and
has an appealing graph theoretic interpretation” in [17].

16Zhao, Y., Cheng, D., (2011). Optimal control of logical control networks, IEEE Trans-

actions on Automatic Control, 55(8), 1766—1776.

7Fornasini, E., Valcher, M. E. (2014). Optimal control of boolean control networks.

IEEE Transactions on Automatic Control, 59(5), 1258 - 1270.
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In [17], the average optimal solution J* is obtained as the limit of the
solution of the finite horizon problem

1~
J* = lim —J7
T—oo T

with
Ty =inf Y g(x(e), u(t). (9)

For each T € Z~, the finite optimal cost (9) can be solved by a value
iteration algorithm, provided in [17, page 1261].

But the number of convergence steps has no upper bound, this ap-
proach may converge to the average optimal solution very slowly.

7Fornasini, E., Valcher, M. E. (2014). Optimal control of boolean control networks.

IEEE Transactions on Automatic Control, 59(5), 1258 - 1270.
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Average Optimal control problem for BCNs

SetU = {,u ‘ J7 AN—)AM}.
@ If a admissible policy = = {0, i1, - - }, with ; € U, is given

X1 = Lo (o) X xg, (10)

The per-step cost function g : Ay x Ay — R can be expressed in the
form !
glx,u) =x"Gu, Vx€ Ay, u€ Ay,

with G = (G, j)nxm = (3(5;;17611;/))NXM'

1The linear form of the per-step cost function g : Ay x Ay — Ris g(x,u) = ¢ | xuxx,
where ¢ = (¢ --- ,cun) | € RMN with C(i—1)N+i = g(&z"\,,élM),i =1,--- ,N,j=1,--- M.

This equivalent linear form of cost function g was considered in [17]. 10752



Average Optimal control problem for BCNs

SetU = {,u ‘ J7 AN—)AM}.
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Then, the optimal cost problem is to find a optimal control sequence
u* = {u*(¢) : t € Z>o} st

J(xo,u*) = J*(x0) 11&f hm S x(t) T Gu(r) (12)
t=0
Consider a deterministic policy = = {po, tt1, -+ , },
1 =1
Jr(x) = lim = x(0)T Gpu(x(1)- (13)

t=0
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Hence, referring to Theorem 3.1 of [1], the following result is funda-
mental.

Proposition

For any control law . € U, there exists a unique logical matrix
K, € Luxn, called the structure feedback matrix of j, such that
is expressed in the vector form

p(x) =K,x, VxeAy. (14)

Under the state feedback control u(r) = u(x(r)) = K,x(t), the BCN (5)
becomes a closed-loop system as

x(t+1) = L,x(1), (15)

where L, = LK, ®,,.
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Vector Expression of Cost Function
For a feedback control i € U, since for any x € Ay, and u € U,
g(xhu(x)) :xGKMx:ngﬂa (16)
with T
g = (8063, 1(6))), -+, 8(8%, () - (17)

For any given policy = = {uo, i1, - - - }, according to matrix expression
(15) of closed-loop BCN, we have

g(x(1), pu(x(1))) = x(t)TgM = (Luz—l oLy, (O 8 = x(0 T Hngu,

Hence, if x(0) = §4, then
T—11t—1

(5N = lim —Zg 6N TrlgrolonHngul

T—oo T
=0 k=0

Accordingly, we obtaln the vector expression of J as

J7T = (‘ITF((SIIV)V" ) Tlgroloz HL;LkgMn
t=0
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Vector Expression of Cost Function

Especially, for a stationary policy ©* = {yu, i, -- -, },

T—1
1 Tyt
JIL =Jon = TILII;O ? ZO:(LH) 8u-
Define the Cesaro limiting matrix L,ﬁ with respect to p by
1 T—1
Li = lim —> (L) (18)

T—oo T
=0
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Vector Expression of Cost Function

Especially, for a stationary policy ©* = {yu, i, -- -, },

T—1
2 1 T\t
Ty =T = lim - DL g

—r 00
t=0

Define the Cesaro limiting matrix L,ﬁ with respect to p by

T—1
1
g _ 1: - T\t
Lj, = lim — Z;(LM) : (18)

1=

® L, =LK,®, € Lyxn-
— T _ 7T

o Ll =INLT =L]I!.
@ R(I—L])<N.
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By L.l = ILK,|l < 1, we have ||L, || = ||L,|| < 1. Hence,
LI —1 LT +1 2
fim 0Ge) Ol MR 2
T—o0 T T— o0 T T—oo T

Then, according to definition (18) of limiting matrix Lg,

LALT = i Ly LTY = Lf + i (L) — Iy
b = fim 7 > (LY = L+ lim,

=L,

We have proved Lf, = L} L] .

It is noticed that Y"1 | [Iy — L]], =0, foranyi=1,2,---,N. That
implies 1 = [1,1,---,1]T € Ry is a solution of homogeneous linear
equation(Iy — L} )x = 0. Hence, Rank(Iy — L) < N. O
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Since r = Rank(ly — L)) < N, based on Jordan decomposition, there
is a nonsingular matrix V € R¥*¥, and a nonsingular upper triangular
matrix S € R™*” such that

IN—L;:V[g g}v—‘. (19)

Lemma

For any control law . € U, matrix Iy — L; + L, is nonsingular. Fur-
thermore, assume that the Jordan decomposition of Iy — LZ is given
by (19), then, J, and h,, = H',g,,, with

HY, o= (Iy — L + Li)~' (1 - L},), (20)

which can be calculated by

(21)




Proof of Lemma: According to Jordan decomposition (19), LI =V { {)N_’ ? _g }
Then, by definition (18) of limit matrix L,ﬁ, we have
In—, O
g _ N—r —1
LM_V{O ng}v , (22)

where L}, = limro + 312 (I, — ). Recalling L, L}, = L}, we get SL}, =

0. Since S € R"™” is nonsingular upper triangular matrix, we have L§2 = 0.
Hence, (22) becomes

8 In—» 0O 1
LM_V|:0 O:|V . (23)

Then, noticing that J, = Lﬁgu from (18), we obtain the first equation of (21).
In addition, combining Jordan decomposition (19) and (23), we have

- 07 -
(IfL;JrLfL):V{ON S}Vl. (24)

That implies matrix 7 — L] + L is nonsingular, and then

I-L, +L)'0-LY) = v[ 8 g,, } v (25)

Hence, by definition of H%, we prove the second equation of (21).
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From the proof of Lemma 2, we can observe that J,, satisfies

J.=L}J,,

which is a direct consequence of (21).

The following theorem provides an optimality criterion for the average
optimal control problem of BCNs.

Theorem

Suppose there exist two vectors (J,h) € RN x R which satisfy the

following nested optimality condition, foreachi=1,--- |N,
in[(LT —1 =0, 25-
min [(Z, —Iv)J], (25-a)
rréln (g —J + ( IN)h]i =0, (25-b)
i

whereu,-:{ueu‘[(L —IN)] 0}

Then, J is the optimal cost of the average optimal problem (12), i.e.,

J=J".
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In [12], a policy iteration algorithm for PBCNs was deduced under the
assumption that the PBCN is ergodic, which requires that the tran-
sition matrix of PBCN for every stationary policy consists of a single
recurrent class.

But their approach are no longer applicable for the general PBCN [13].

ll.}

0.7

) When u = 61. (b) When u = 43.

Figure 1: The transition probability diagram

12pg|, Datta, Dougherty, IEEE TSP, 2006.
13Wu, Toyoda, Guo, IEEE TNNLS, 2020.
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Proof of Theorem: Condition (25-a) and (25-b) imply there exists a
weUs. t,foreachi=1,--- N,

(L) —Iv)J), = min (L) —Iv)J], =0, (26)
[g —J + (L), — Iv)h],
= LneiB [g —J + (L, —Iv)h], = 0. (27)
Equation (27) implies
J=gu+ (LY —Iy)h

Multiplying the above equation by LI, and applying equality (26) yield

J=LyJ=Lguy+Ly(Ly —Iyh.
Repeating this process with induction, we get, for any n € Z>o,

J= (L)) guw+ (L))" (L) — Iy)h. (28)

Summing those expression over n, we have

n—1
nd =3 (L])g, + {(L;,)n _ IN} h.
=0
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Continue to Proof of Theorem: Noticing that ||| L;)" ]h||
2||h||, and applying equation (18), we deduce that, for all i =

W]i = lim [}11 z_:(L,Dlgu

t=0

= Vawli 2 inf Ux; =17

Next, we claim that if (/,h) € R¥ x RV satisfies the nested optimality
condition (25), then there exists a C > 0 such that J and A = h+CJ sat-

isfy the following modified optimality condition, foreachi=1,--- | N,
s [(L —Iy) ] =0, (30-a)
mm [gu —J+ ( — IN)iﬂ =0, (30-b)
pne

Notice condition (30-b) is the same as condition (25-a). If (/, &), given
in (25), satisfy (30-b), then we just set i = h with C = 0. Suppose J and
h do not satisfy (30-b), then for some iy € {1,--- ,N}, and po € U\Y;, ,
we have

Cr = [gu —J + (L, — Iv)h], <0,

Furthermore, py € U\U;, implies
G = [(L), — )], >0
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Continued to Proof of Theorem: Now, let i = h -+ C5J, where C; > 0
will be given latter. Then

(8o — T + (LZU —Iy)n],

1o
= [guw—J+ L), —Ih+Cs(L), — IN)J]i0 = C1 + GC,.
Hence, taking C; large enough such that C; > % we have
(810 —J + (L}, = In)A], > 0. (31)

Since there exist only finite states and control inputs, we can choose
large enough C; for which (30-b) holds foralli =1,--- ,Nand u € U.

For any policy © = {uo, p1,- - , } € II, condition (25-a) implies
Wi < 1], (32)
{ ;i < (g + (L, — A, (33)

foralli=1,--- ,N, and applying condition (30-b) to x; implies
V1 < (g + (L), —Iv)R],, Vi=1,--- N. (34)

Multiplying above expression by L;L and applying inequality (32) yields,
foranyi=1,--- N,

V)i < 1], < (L8 + Ly (L, = )R]
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Continued to Proof of Theorem: Repeating this process with induc-
tion, we get, for any n € Z>,

T T T
[J]i S |:LI—IL— LI—IL—n lgl"l + Lllo o .Lll‘n—l (L#n - IN)h:|i ’

where set L,, , = Iy, when n = 0. Summing those expression over
n+1,wehave,Vi=1,--- ,N,

n
Z H mgl‘r

=0 k=—1

A )

i n+1

Furthermore, notlcmg that ||(L]
that, foralli=1-

a0 oLy LI — Iy)h|| < 2||h||, we get

n t—1

nt1 ZH lLkg:U'I‘| = [Jx(x0)]; »

t=0 k=0

[V]; < lim

n— o0

In consideration of the arbitrariness of =, we getforalli=1--- | N,
S < .= [J*]..
V)i < inf 7] = [, (35)

Finally, combining (29) and (35), we obtain J = J*, and finish the proof.
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Algorithm (Policy iteration for optimal problem (12))

Step 0. Initialization: Given an initial policy u° € U.
Step 1. Policy Evaluation: for policy i, compute J», hy»
Step 2. Policy Improvement:

2.A Choose policy '+' s. t. Ko1 = Lylgi™", -+, gt"] satisty,
gt earg_min {(04)7 % (9)) LT} i =1, N,
i

and set ¢"™' = ¢!, if possible.
2.B If /"t = u*, go to (2.C); else return to Step 1.
2.C Choose policy j/"t! s. t.
g carg ‘7r1ninM {Gij + (64) T x (&’,",,)TLTth} ,i=1,---,N,

) )

and set q'™' = ¢!, if possible.
2.D If y"*t! = p*, stop and set ux = p*; else return to Step 1.
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Now we provide the Laurent series expansion of (Iy — ozL;)’l, and a
monotonicity criterion.

1 —
(1-x)""'= —lezl—l—x—i—o(x)
i=0

===

Lemma

For any feedback control law 1 € U, we have, 0 < o < 1,

1
(v = oL])™" = ——L} + H}, + F(a ), (36)

where F(a, ) € RY*N denotes a matrix which converges to zero as
a— 1.

V.
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Proof of Lemma: For 0 < a < 1, we take o = ﬁ, B >0, then

1

LV —'(Xlér = i‘qjl§

[BIv + (Iv — L} )].
By Jordan decomposition (19),

ﬁIN+(IN—L;):V|: BIN—r 0 :| Vfl.

0 BI+S
Hence,

(INfaLT) lﬁ+lv|:INr 0 0
m

1 0 —il
[3 0 0 ] %4 aF (/3 aF 1) \% [ 0 ([3Ir 4 l;)__l V.
We now analyze (31, +S)~'. (B, + 8)~' = [(I, + BS™")S]" ' =S~ (I, +
BS~1)~'. Notice that, when 0 < 3||S~"|| < 1, then 1,435~ has inverse,

and its inverse can be expressed as [I, + 8S~!'|7! = Y72 (—B)S
Hence,

(B +8)~ =8I, + 85" BZ B)iST72 (38)
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Substituting (38) into (37), we get

(y - oL]) ™' = —5; lv[ o 8 }v—l (39)
0 0 i
SO+ | o T gyis |V
+(1+ﬁ)v{ 8 g,l ]V—‘_ %LﬁJrHﬁF(a,u),

with

ol = #ip= P9 ”V[ 0 T ()5 } v

where we used (22), and (25) in the last step of (39). Finally, by
noticing % = =, and when o — 1, we have 8 = =2 — 0, and
B(B+1) = =2 — 0. Accordingly, F(a, ) — 0, as a — 1. We com-
plete the proof. O]

27/52



For any u,m € U, define three special subsets of Ay,
Se(usm) = {8y|n(dy) = n(0y)}, (40)
Si(p,m) = {5;;/’[L;Ju]i< [L/Iju]i}7 (41)
oo =8 G )
If
0 # (Se(pa ) C (S1(1m) U Sa(s,m)) (43)
then
1;#111],‘;K > l(i;rrllJl‘j‘, (44)
where, for all0 < o < 1,
Jo = (Iy — oL, ) 'g,.
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Algorithm (Policy iteration for optimal problem (12))

Step 0. Initialization: Given an initial policy u° € U.
Step 1. Policy Evaluation: for policy i, compute J», hy»
Step 2. Policy Improvement:

2.A Choose policy '+' s. t. Ko1 = Lylgi™", -+, gt"] satisty,
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and set ¢"™' = ¢!, if possible.
2.B If /"t = u*, go to (2.C); else return to Step 1.
2.C Choose policy j/"t! s. t.
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) )
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Proposition 5.1 guarantees that the policy iteration process terminates
in finite steps.

In [17], the average optimal solution J* is obtained as the limit of the
solution of the finite horizon problem

1~
J Tgrolo TJT

with
Ty =inf Y g(x(r), u(t). (45)

Foreach T € Z~, the finite optimal cost (45) can be solved by a value
iteration algorithm, provided in [17, page 1261].

7Fornasini, E., Valcher, M. E. (2014). Optimal control of boolean control networks.

IEEE Transactions on Automatic Control, 59(5), 1258 - 1270.
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Consider the following BNC

x1(t+ 1) = (ea2(t) Vur(2)) A —uy (),
{ 2t + 1) = (03(6) V 1 (1)) A~ (1) (46)

The corresponding state transition diagram is shown in Fig. 2.
()
) G—@
()
® @ ©

(@) When u = 4}. (b) When u = 43.

Figure 2: State transition diagram.
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Based on STP techniques, the algebraic form of (46) is
x(t4+1) =L x u(r) x x(2)
with x(7) = x;(¢) x x2(¢), and
L= 813241111]
Assume that the cost function g is given by following cost matrix
a-(01 1)

with parameter ¢ > 0.
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Then, applying the value iteration algorithm given in [17, Sec. Ill] it is
obtained that

L5 { [0.¢,¢,¢]T, for T < [1],
T = 53 IS £ T
T 0.5 [ 7 [l 7 L)) forT> 2],

the optimal controller has the time-varying state feedback form p*(x) =
K, x, for all x € Ay, with structure matrix

e 84[2,1,1,1], fortSL%J,
84[2,2,2,2], forr> |1
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@ Accordingly, the convergence depends on the choice of the cost
function G..
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@ Accordingly, the convergence depends on the choice of the cost
function G..

@ For every ¢ € (0,1), the 5-tolerance approximate optimal cost
require 2 | 1| + 1 steps in this value iteration approach.
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@ The number of iteration steps is no upper bound
2|1/e] +1 = o0

ase — 0,
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@ Accordingly, the convergence depends on the choice of the cost
function G..

@ For every ¢ € (0,1), the 5-tolerance approximate optimal cost
require 2 | 1| + 1 steps in this value iteration approach.

@ The number of iteration steps is no upper bound
2|1/e] +1 = o0

ase — 0,

@ The convergence of this approach is very slow.
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o Initialization: The initial policy 1.° is selected as 1°(x) = L4[1, 1, 1, 1]x, Vx
Alz.
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o Initialization: The initial policy 1.° is selected as 1°(x) = L4[1, 1, 1, 1]x, Vx
A12~

@ Policy Evaluation:
Applying Lemma 2, obtain J,0 = [1, 1,1, 1), h,0 = 10,0,0, 0.
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o Initialization: The initial policy 1.° is selected as 1°(x) = L4[1, 1, 1, 1]x, Vx
Alz.
@ Policy Evaluation:
Applying Lemma 2, obtain J,0 = [1, 1,1, 1), h,0 = 10,0,0, 0.
@ |Policy Improvement:
Substep (2.A), obtain p!' with K = Ly[1,1,1,1];
Substep (2.B), since ' = 12, go to (2.C);
Substep (2.C), renew policy p!' with K = L4]2, 1,1, 1];
Substep (2.D), since u! # 10, return to the Step 1.
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Hence, 12 is optimal with K, = 14[2,2,2,2] and the corresponding
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J =17, =10,0,0,0]".
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Substep (2.C), renew policy p!' with K = L4]2, 1,1, 1];
Substep (2.D), since u! # 10, return to the Step 1.

@ Substep (2.D) of the third iteration > = 2.

Hence, 12 is optimal with K, = 14[2,2,2,2] and the corresponding
optimal performance is

J =17, =10,0,0,0]".
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Complexity analysis.
@ In Step 1 of Algorithm 5.2, since for each u € U, Iy — LI is a
special sparse matrix with 7(Iy — L)) < 2N. Hence, according
to [11], the complexity of Jordan decomposition (19) in Step 1 is

O(N?).
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special sparse matrix with 7(Iy — L/T) < 2N. Hence, according
to [11], the complexity of Jordan decomposition (19) in Step 1 is
O(N?).

@ Furthermore, in the computation of J,,,, and #,,,, the matrix-vector
multiplication performs 3N? scalar multiplication and 3N(N — 1)
additions.

@ Thus, in each loop, the complexity of Step 1 (Policy evolution) is
O(N?).
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@ Since Substep 2.B and 2.D in Algorithm 1 are decision making
statements, Policy improvement has two main part as: Substep
2.A and Substep 2.C.
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@ Thus, in each loop, the complexity of Step 2 (Policy improvement)
is O(NM).
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@ Since Substep 2.B and 2.D in Algorithm 1 are decision making
statements, Policy improvement has two main part as: Substep
2.A and Substep 2.C.

@ The argmin process in Substep 2.A is accomplished with M — 1
comparisons. Furthermore, recalling each column of L, has a
unique nonzero entry, Substep 2.A need N(2M — 1) operations.

@ Similarly, Substep 2.C of Policy improvement need N(3M — 1) op-
erations.

@ Thus, in each loop, the complexity of Step 2 (Policy improvement)
is O(NM).

@ As a result, the complexity of each iteration loop of Algorithm 5.2
is
O(N* + NM).
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@ The worst case possibility of iteration number is MY — 1.
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@ The worst case possibility of iteration number is MY — 1.
@ Hence, the total computational complexity of Algorithm 5.2 is

OM" - (N* + NM)).

@ The value iteration approach [17] is a e-suboptimal approximation
process, given error tolerance .

@ Notice that the complexity of each value iteration loop is O(NM).

@ Hence, the total complexity of the VI algorithm [17] is

O () - NM),

with iteration number N (), which depends on error tolerance e.
@ The iteration numbers is not upper bounded, i.e.,

lim N(g) = 4oo0.
e—0

7Fornasini, E., Valcher, M. E. (2014). Optimal control of boolean control networks.

IEEE Transactions on Automatic Control, 59(5), 1258 - 1270. a8/52



Output tracking problem for BCNs

Consider the following BCN with output

x(t+1) = L x u(f) x x(t),
{ ¥(r) = Cx(), (47)

The output tracking problem for network (47) with x(0) = x, is to design
a control input u = {u(?) : r € Z>o}, s.t. the output y(#;xp, u) tracks a
given reference y, € Ap, that is, there exists an integer 7 > 0 such that
y(t;x0,u) = y,, forall ¢ > .

A constructive procedure was designed in [13] to obtain output tracking
state feedback controllers for BCNSs.

13Li, H., Wang, Y., Xie, L. Output tracking control of boolean control networks via state
feedback: constant reference signal case. Automatica, 2015.
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For the reference signal y, = dg, define a set, denoted by S(a) C Ay,

as S(a) = {dy : Col,(C) = 63,1 <r < N}.

Now define a special per-step cost function g associate with 65 as
8(0y, &) =

{Q if 51, € S(a), 48)

1, ifdy &S(a)

The output of network (47) tracks the reference signal y, = dg by a
control sequence u if and only if u can solve the optimal control prob-
lem (12) with per-step cost g given by (48), and J* = 0.
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Optimal intervention of Ara operon in E. coil

We consider an optimal intervention problem of Ara operon in E. coil .
[12], shown in Fig. 3, and the update logics is

fa=ANT,

fa, = (Aem ANT) V A,

fAmJr = (Am \/A) NAp_,

Jc =G,

Je = Mg (49)
Jo= A, NAy_,

Jug = Aray NC A =D,

Sy = Aray NC,

Jr=Mr.

Here, four Boolean control parameters are A,, A, Ara_, and G, re-
spectively.
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Optimal intervention of Ara operon in E. coil

Figure 3: A Boolean model of Ara operon in E. coil. My denotes the mRNA of
the structural genes (araBAD), MT is the mRNA of the transport genes (araE-
FGH), E is the enzymes AraA,AraB, and AraD, coded for by the structural
genes, T is the transport protein, coded for by the transport genes, A is the
intracellular arabinose (high levels), A,, is the intracellular arabinose (at least
medium levels), C is the cAMP — CAP protein complex, D is the DNA loop, and
Aray is the arabinose-bound AraC protein.

42/52



Optimal intervention of Ara operon in E. coil

According to Th. 5. 2 of [1], Monostability and Bistability of this net-
work was considered in [7].

Figure 4: The state transition graph of Ara operonp.

D. Cheng, H. Qi, and Z. Li, Analysis and Control of Boolean Networks: A Semi-
Tensor Product Approach, Springer, 2011.

7S. Chen, Y. Wu, M. Macauley, X. Sun, Monostability and Bistability of Boolean Net-
works Using Semitensor Products, IEEE TCNS, 2019
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Optimal intervention of Ara operon in E. coil

Set
o (A7Am7Ara+v Ca E7D7MSaMT7T): (-xl7x27-x37x47x57x67x77x87x9)

Then, based on STP, the vector expression of Boolean network (49) is
obtained as
x(t+ 1) = Lu(t)x(z),

with a structure matrix
L€ Lyyon.

Consider the average cost problem, with the cost function g : Ay X
Ay, — R as

glx,u) = g(x7_x;, l><;}:1uj) = AX + BU. (50)
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Optimal intervention of Ara operon in E. coil

According to discussion for the lac operon in [18], weight vectors are
A=[-28,-12,12,16,0,0,0,20,16], B =[—8,40,20,40].

Then, applying Algorithm 5.2
@ the optimal performance J*(x) = —4, for all x € As)5,
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Optimal intervention of Ara operon in E. coil

According to discussion for the lac operon in [18], weight vectors are
A=[-28,-12,12,16,0,0,0,20,16], B =[—8,40,20,40].

Then, applying Algorithm 5.2
@ the optimal performance J*(x) = —4, for all x € As)5,
@ optimal feedback control law p*(x) = 6?67 for all x € Aspa,

@ optimal stationery control parameters are (A, A, Ara_, G,) = (1,0,0,0).
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Optimal intervention of Ara operon in E. coil

Figure 5: The state transition graph of the lac operon with control parameters
(Ae,Am,Ara—,G.) = (1,0,0,0). The unique steady state (0,1,0,1,0,0,0,0,0),
correspond to 4.5, is represented by a blue dot, and all transient states are
denoted by red dots.
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Optimal intervention of Ara operon in E. coil

The optimal approximation cost %];(xo) of the value iteration approach
[17] with six different initial states are shown in Fig 6.
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Figure 6: Value iteration approximation result for the Ara operon Network with
different initial states.
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Optimal intervention of Ara operon in E. coil

As both algorithms ran on the same computer, iteration numbers are
collected in Table 1.

A computer with Quad-Core 3.2 GHz processor and 8 GB RAM mem-
ory.

Table 1: Comparison of iteration numbers and running times

Policy Value lteration
Iteration | e=0.5 | e =0.1 e = 0.005
Iteration 3 113 561 11187
Numbers
Running 8.53771 | 1.97353 | 9.17410 | 556.41600
Time
(Sec)
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Future work or challenge

@ Data Driven Identification and Control
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