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I.ÝÝÝ


-ÝÝÝ


���ÜÜÜþþþÈÈÈ
+ ��o´ I?

£ÁÝ
�ÜþÈµA ∈Mm×n, B ∈Mp×q, t = lcm(n, p):

A n B :=
(
A⊗ It/n

) (
B⊗ It/p

)
.

Q 1: �Û3m>?

A o B :=
(
It/n ⊗ A

) (
It/p ⊗ B

)
.

Q 2: �Û^I := {Ik | k = 1, 2, · · · } ?

�
Γ := {Γn :∈Mn×n | n = 1, 2, · · · }

|^ù�x�
,·��±½Â:

A nΓ B :=
(
A⊗ Γt/n

) (
B⊗ Γt/p

)
. (1)
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+ é Γ ��¦:

(i) nΓ 7L´éÝ
ÊÏÈ�í2.
(ii) nΓ 7L÷v©�Æ�(ÜÆ.

Definition 1.1
�x�


Γ := {Γn ∈Mn×n | n ≥ 1}

¡�Ý
¦f§XJ÷v:
(i)

ΓnΓn = Γn; (2)

(ii)

Γp ⊗ Γq = Γpq. (3)
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+ Ý
¦f�5�

Proposition 1.2

Γn �A�� σ(Γn) = {1}½ σ(Γn) = {0, 1}. ùp

σmax(Γn) = 1, n = 1, 2, · · · (4)

Corollary 1.3

Γ1 = 1. (5)
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+ ÄuΓ �Ý
�ÜþÈ

Definition 1.4
� Γ = {Γn, | n ≥ 1}�Ý
¦f, A ∈Mm×n, B ∈Mp×q.
(i) Äu¦f Γ � A� B�Ý
(�)�ÜþÈ�

A nΓ B :=
(
A⊗ Γt/n

) (
B⊗ Γt/p

)
. (6)

ùpt = lcm(n, p).
(ii) Äu¦f Γ � A� B�Ý
(m)�ÜþÈ�

A oΓ B :=
(
Γt/n ⊗ A

) (
Γt/p ⊗ B

)
. (7)
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+ 5�

Proposition 1.5

ÄuÝ
¦f Γ �Ý
-Ý
�§m�ÜþÈþ�Ý
ÊÏ
È�í2.

Proposition 1.6
(±eP: ./∈ {n, o}.)

((ÜÆ)

(A ./Γ B) ./Γ C = A ./Γ (B ./Γ C). (8)

(©�Æ)

(A + B) ./Γ C := A ./Γ C + B ./Γ C
A ./Γ (B + C) = A ./Γ B + A ./Γ C. (9)
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Proposition 1.6(cont’d)

(=�)

(A ./Γ B)T = BT ./Γ AT . (10)

(_)
� Γn, n ≥ 1�_. XJ AÚ B�_, K A ./Γ B�_.
¿�,

(A ./Γ B)−1 = B−1 ./Γ A−1. (11)
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+ ,
Ý
¦f

Example 1.7
MM-1 STP: Γ = I := {In}:

nΓ = n; oΓ = o.

MM-2 STP: Set

Jn :=
1
n

1n×n, n = 1, 2, · · · . (12)
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Example 1.7(cont’d)

UL-1: � ∆U
n ∈Mn×n �:

(
∆U

n

)
i,j =

{
1, i = 1, and j = 1,
0, Otherwise.

(13)

DR-1: � ∆D
n ∈Mn×n �:

(
∆D

n

)
i,j =

{
1, i = n, and j = n,
0, Otherwise.

(14)
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II.ÝÝÝ


-���þþþ���ÜÜÜþþþÈÈÈ

+ Ý
¦{��^

�5N��¢y: � A ∈ Mm×n, X ∈ Rn: A : Rn → Rm

½Â�:
X 7→ AX ∈ Rm.

�5N��EÜ: � A ∈Mm×n, B ∈Mn×s. K

AB ∈Mm×s

� A� BEÜ��5N�.

Q 3: ÊÏÝ
¦{�Ó�¢yü«õU. Ý
�ÜþÈ�
Ä?

£�: No!
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½Â

V = R∞ :=
∞⋃

n=1

Rn.

�x ∈ V. Ïé¦{∗?,¦�éA ∈Mm×n, x ∈ R∞

A ∗? x ∈ V

I�Ý
-�þ�ÜþÈ!
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+ �þ¦f

Definition 2.1
�x�"�þ

γ : {γr ∈ Rr | r ≥ 1}

¡��þ¦f,XJ§÷v±e^�:
(i)

γ1 = 1; (15)

(ii)

γp ⊗ γq = γpq. (16)
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+ ,
�þ¦f

Example 2.2
(i)

γ = 1 := {1n | n = 1, 2, · · · } . (17)

(ii)

γ = δU :=
{
δ1

n | n = 1, 2, · · ·
}
. (18)

(iii)

γ = δD := {δn
n | n = 1, 2, · · · } . (19)
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+ Ý
-�þ�ÜþÈ

Definition 2.3
� Γ �Ý
¦f, γ ��þ¦f, A ∈ Mm×n, x ∈ Rr,
t = n ∨ r. K A � x 'u Γ 9 γ �Ý
-�þ�ÜþÈ, P
� ~×,½Â�
(i) �Ý
�þ�ÜþÈ:

A~×`x :=
(
A⊗ Γt/n

) (
x⊗ γt/r

)
. (20)

(ii) mÝ
�þ�ÜþÈ:

A~×rx :=
(
Γt/n ⊗ A

) (
γt/r ⊗ x

)
. (21)
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Example 2.4

� A ∈Mm×n, x ∈ Rr, t = n∨ r. ±e´üa~^�Ý
-�
þ�ÜþÈ:
MV-1 STP:

Γ = {In | n = 1, 2, · · · }, γ = {1n | n = 1, 2, · · · }.

(i) �MV-1Ý
-�þ�ÜþÈ:

A ~n x :=
(
A⊗ It/n

) (
x⊗ 1t/r

)
. (22)

(ii) mMV-1Ý
-�þ�ÜþÈ:

A ~o x :=
(
It/n ⊗ A

) (
1t/r ⊗ x

)
. (23)
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Example 2.4(cont’d)
MV-2 STP:

Γ = {Jn | n = 1, 2, · · · }, γ = {1n | n = 1, 2, · · · }.

(i) �MV-2Ý
-�þ�ÜþÈ:

A~◦`x :=
(
A⊗ Jt/n

) (
x⊗ 1t/r

)
. (24)

(ii) mMV-2Ý
-�þ�ÜþÈ::

A~◦rx :=
(
Jt/n ⊗ A

) (
1t/r ⊗ x

)
. (25)
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III.������êêê���mmm
+ C�ê½�êØ(½XÚ

(a) Spacecraft docking (b) Vehicle clutch system

(c) Internet (d) Genetic regulatory networks

ããã 1: Dimension-varying Systems 18 / 45



+ õ��XÚ:unØ

ããã 2: Strings in Physics

Space-time: dimension 4 (Einstein Relativity), 5 (Kalabi-
Klein theory), 10 (Type 1 string), 11 (M-theory) or even 26
(Bosonic model)

M. Kaku, Introduction to Supersting and M-Theory, 2nd
Ed., Springer-Verlag, New York, 1999.
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+ õ��XÚ:u>Å

ããã 3: Stand Alone System

üÅXÚk2, 3, 5, 6,$�7�ÄåÆ�..

J. Machowski, J.W. Bialek, J.R. Bumby, Power Sys-
tem Dynamics and Stability, John Wiley and Sons, Inc.,
Chichester, 1997.
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+ R∞ ��þ�m(�

Definition 3.1
(i) �x ∈ Rm ⊂ R∞, r ∈ R. K�þ�êþÈ½Â�:

r × x := rx ∈ Rm. (26)

(ii) �x ∈ Rm, y ∈ Rn, t = lcm(m, n)�m�n���ú�ê.
Kx�y�Ú�:

x ~

±

y := (x⊗ 1t/m) + (y⊗ 1t/n) ∈ Rt, (27)

ùp§
1k := [1, 1, · · · , 1︸ ︷︷ ︸

k

]T

�k�1�þ.
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Definition 3.1(cont’d)

�A/, y�x�~{½Â�:

x ~̀ y := x ~

±

(−y). (28)

Proposition 3.2

V = R∞ ±9ê¦(26)9\(~){(27) ( (28))�����þ
�m. a

a��þ�m÷v�þ�m�¤k�¦,Øz�x�_Ø��	.[1]

[1] R. Abraham, J.E. Marden, Foundations of Mechan-
ics, 2nd Ed., Benjamin/Cummings Pub., London, 1978.
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Remark 3.3
(i) ¯¢þ,3V = R∞ ¥“"”��Ø��:

0 := {[0, 0, · · · , 0︸ ︷︷ ︸
n

]T | n = 1, 2, · · · }.

Ïd,� x ∈ Rn,K −x ∈ R∞ ÷v

x ~

±

(−x) ∈ 0. (29)

(ii) ��PÒ, �x ∈ Rn �, À−x ∈ Rn. Ù¢, ù�´��
�L�.
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+ �þ��d5

Definition 3.4
x, y ∈ R∞ ¡��d�,PXx↔ y,XJ�31α Ú 1β,¦�

x⊗ 1α = y⊗ 1β.

Proposition 3.5
�x, y ∈ R∞. x↔ y,��=�, x− y = 0. =,

x↔ y⇔ x− y ∈ 0. (30)
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+ R∞ �SÈ,�,�ål

Definition 3.6
�x ∈ Rm ⊂ R∞, y ∈ Rn ⊂ R∞, t = m∨ n. Kx�y�SÈ½
Â�

〈x , y〉V :=
1
t

〈
x⊗ 1t/m , y⊗ 1t/n

〉
, (31)

ùp 〈· , ·〉�Rt þ�ÊÏSÈ.=�u, v ∈ Rt,K

〈u, v〉 =
t∑

i=1

uivi.

d(31)½Â�SÈ¡\�SÈ, 1/t�\�.
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Remark 3.6
R∞ A÷vXe^�:
(i) (©�Æ)

< x + y, z >=< x, z > + < y, z >, x, y, z ∈ V. (32)

(ii) (é¡5)

< x, y >=< y, x >, x, y ∈ V. (33)

(iii) (�55)

< ax, y >= a < x, y >, a ∈ R, x, y ∈ V. (34)

(iv) (�K5)

< x, x >≥ 0, 9, < x, x >= 0⇒ x = 0. (35)
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Remark 3.6(cont’d)

duV = R∞ ´��þ�m,

< x, x >= 0⇒ x = 0

�O��
< x, x >V= 0⇒ x ∈ 0.

Ïd,d(31)¡��SÈ.

Definition 3.7
x ∈ R∞ ��ê½Â�

‖x‖V :=
√
〈x , x〉V . (36)
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Remark 3.8
R∞ þ��êA÷vXe^�:
(i) (n�Ø�ª)

‖x + y‖ ≤ ‖x‖+ ‖y‖, x, y ∈ V. (37)

(ii) (�55)

‖ax‖ = |a|‖x‖, a ∈ R, x ∈ V. (38)

(iii) (�K5)

‖x‖ ≥ 0, �, ‖x‖ = 0⇒ x = 0. (39)
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Remark 3.8(cont’d)

dª(36)½Â��ê÷vþã�¦,Ø±e^�:

‖x‖ = 0⇒ x = 0.

§�O��
‖x‖V = 0⇒ x ∈ 0.

Ïd§�¡���ê.

Definition 3.9
�x, y ∈ R∞. Kx�y�ål�

dV(x, y) := ‖x ~̀ y‖V . (40)
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Remark 3.10
�mX �ål,P�d : X×X → R,A÷vA÷v±e^�:
(i) (n�Ø�ª)

d(x, z) ≤ d(x, y) + d(y, z), x, y, z ∈ X. (41)

(ii) (é¡5)

d(x, y) = d(y, x), x, y ∈ X. (42)

(iii) (�K5)

d(x, y) ≥ 0, � d(x, y) = 0⇒ x = y. (43)
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Remark 3.10(cont’d)

d(40)½Â�ål÷vØ±eù�^�	�¤k�¦:

d(x, y) = 0⇒ x = y

AOm�
dV(x, y) = 0⇒ x↔ y.

Ïd,ù�ål�¡��Ýl.
(iv) (�þ�mål�²£ØC5)

d(x + z, y + z) = d(x, y) , x, y, z ∈ X. (44)

ØJ�y,d(40)½Â�ål÷v(44).
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IV.���555���+++XXXÚÚÚ
+ �+( S-)XÚ

Definition 4.1 [1]
(i) �½���+G Ú��8ÜX. XJ�3��N�π :

G× X → X,÷v

π(a, (π(b, x)) = π(a ∗ b, x), a, b ∈ G, x ∈ X. (45)

@o(G, π,X)Ò¡���S0-XÚ.
(ii) XJ(45)¥, G�N�+(kü �e ∈ G),�

π(e, x) = x, ∀x ∈ X, (46)

@o(G, π,X)¡���S-XÚ.

[1] 4®¿, zm), �+�S-XnØ, 2�, �®: �Æ
Ñ��, 2008. 32 / 45



Remark 4.2
{�

π(g, x) := gx, g ∈ G, x ∈ X.

@o,��lÑ�mS0 (S)XÚ���

x(t + 1) = g(t)x(t), x(0) = x0.

Example 4.3

(i) lÑ�m�5XÚ

x(t + 1) = A(t)x(t), x(t) ∈ Rn. (47)

G = (Mn×n,×), X = Rn, π : G× X → X ÊÏÝ
¦{.
@o§(47)����+(S-)XÚ.
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Example 4.3(cont’d)

(ii) �	ëY�m�5XÚ

ẋ(t) = Ax(t), x(t) ∈ Rn. (48)

x(t) = eAtx0.

G =
(
eAt | t ≥ 0

)
, X = Rn,@o§(48)����+(S-)X

Ú.
(iii) �	ëY�m��5XÚ

ẋ(t) = f (t), x(t) ∈ M, (49)

ùpM ´��n�6/.

x(t) = Φf
t (x0).

G =
(

Φf
t | t ≥ 0

)
, X = M,@o§(49)����+(S-)X

Ú. 34 / 45



+ ��Ý
��+(�

�	

M =
∞⋃

m=1

∞⋃
n=1

Mm×n.

Proposition 4.4
(i) Γ = {In |n = 1, 2, · · · }:

(M,n), (M,o)

�N�+.
(ii) Γ = {Jn |n = 1, 2, · · · }:

(M, ◦`), (M, ◦r)

��+.
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+ MV-1, MV-2 STP:M�^uR∞

�	

V = R∞ =
∞⋃

n=1

Rn.

�A ∈Mm×n, x ∈ Rr ⊂ R∞, t = n ∨ r. K

LMV − 1 : M ~n x :=
(
M ⊗ It/n

) (
x⊗ 1t/r

)
;

RMV − 1 : M ~o x :=
(
It/n ⊗M

) (
1t/r ⊗ x

)
;

LMV − 2 : M~◦`x :=
(
M ⊗ Jt/n

) (
x⊗ 1t/r

)
;

RMV − 2 : M~◦rx :=
(
Jt/n ⊗M

) (
1t/r ⊗ x

)
.

ùp

1n := (1, 1, · · · , 1︸ ︷︷ ︸
n

)T ; Jn =
1
n

1 1 · · · 1
...
1 1 · · · 1

 .
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+ Γ�γ ��N5

Definition 4.5
�Γ = {Γn | n = 1, 2, · · · } �Ý
¦f, γ = {γn | n =
1, 2, · · · }�Ûþ¦f. Γ�γ �N,XJ

Γnγn = γn, n = 1, 2, · · · . (50)

Proposition 4.6

XJΓ�γ �N,K

A~×γ
(
B~×γx

)
= (A×Γ B)~×γx, A,B ∈M, x ∈ R∞. (51)
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+ �5��S- (S0-)XÚ

Proposition 4.7

(i) �G = (M,n) (½G = (M,o)), X = R∞, π = ~n (½,
π = ~o). K(G, π,X)´��S-XÚ.

(ii) �G = (M, ◦`) (½G = (M, ◦r)), X = R∞, π = ~◦` (½,
π = ~◦r). K(G, π,X)´��S0-XÚ.

Remark 4.8
�G��+,�(G, π,X)�S0XÚ.òG*¿�G̃ := G

⋃
{e},

¿½Â
g ∗ e = e ∗ g = g, ∀g ∈ G,

�
π(e, x) = x, ∀x ∈ X.

K(G̃, π,X)��SXÚ.
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V.lllS-XXXÚÚÚ���S-ÄÄÄ���XXXÚÚÚ

+ S-Ä�XÚ

Definition 5.1 ([1])

�(G, π,X) ��S-XÚ. XJX ��ÿÀ�m, ¿�éz�
�g ∈ G,

π(g, ·) : X → X

´ëY�,K(G, π,X)¡���Ä�XÚ.

[1] S. Koppelberg, Ultrafilters, Semigroups, and Topol-
ogy, Lecture Notes, Freie University Berlia, Chapter 9,
1975.
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+ �5��Ä�XÚ

e¡��Ä (
(M,n), ~n, (R∞,D)

)
Definition 5.2
�A ∈M, x ∈ R∞. A��ê½Â�

‖A‖O := sup
06=x∈R∞

‖A ~n x‖V
‖x‖V

.

Remark 5.3
(i)

‖x‖V ; =
√
〈x, x〉V =

1√
n
‖x‖, x ∈ Rn.

(ii) XJ‖A‖O < ∞, @o, ‖Ax‖V ≤ ‖A‖O‖x‖V . Ïd, x →
x0 ⇒ Ax → Ax0. u´k

(
(M,n), ~n, (R∞,D)

)
´��Ä

�XÚ.
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Proposition 5.4
�A ∈Mm×n. K

‖A‖O =

√
n
m
σmax(ATA). (52)

Proposition 5.5
(i) �A ∈M, r ∈ R. K

‖rA‖O = |r|‖A‖O. (53)

(ii) �A,B ∈M. K

‖AB‖O ≤ ‖A‖O‖B‖O. (54)

(iii) �A,B ∈Mµ. K

‖A ± B‖O ≤ ‖A‖O + ‖B‖O. (55)
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+ û�m

�dÝ
: M, N ∈M M ∼ N,XJ�3Iα, Iβ ¦�

M ⊗ Iα = N ⊗ Iβ. (56)

�d�þ: x, y ∈ R∞ x↔ y,XJ�31α, 1β ¦�

x⊗ 1α = y⊗ 1β. (57)

Ý
�û�m:
Σ :=M/ ∼

〈A〉 := {X ∈M | X ∼ A} ∈ Σ.

�þ�û�m:

Ω := R∞/↔ ⊂ `2!

x̄ := {y ∈ R∞ | y↔ x} ∈ R∞.
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+ û�mþ��5Ä�XÚ

Definition 5.6
�〈A〉 ∈ Σ, x̄ ∈ Ω. ½Â

〈A〉 ~n x̄ := A ~n x. (58)

Proposition 5.7

- φ(〈A〉 , x̄) := 〈A〉 ~n x̄.K

(Σ, φ,Ω) : ˙̄x = 〈A〉 ~n x̄ (59)

´���+Ä�XÚ.

[1] D. Cheng, From Dimension-Free Matrix Theory to
Cross-Dimensional Dynamic Systems, Elsevier, Lon-
don, 2019.
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VI.(((ØØØ

+ Ý
�ÜþÈ���

õ�5N��Ý
�{;
k��8Ü9N��Ý
L«;
��Ä�XÚ�L«.

+ Ý
�ÜþÈ�Ð"

k���êþ��ä�©Û���;
&EÔnXÚ�ûü���→<ó�U;
��Ä�XÚ���nØ.
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