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1.1kkk���ÆÆÆ������êêêÆÆÆ���...

+ �o´Æ�Ø?

Æ�Ø�¡éüØ(game theory). �«Æ�iZÚÈ
��éüg�gl<a�¬�ÑyÒ�)
,¥IXR
mê��¯(ú�c300{c), I	Xg��{;5©
7�6(�ú�500c)¥�¢�©�,�,Ñ´kP1�
Æ�Ø�¯. y�Æ�ØKåuþV.Ï~@�,
¾ì�ù(Von Neumann) ��ØÍ5Æ�Ø�²L1
�6I�Xy�Æ�Ø��).
Ï~òÆ�Ø©�üÜ©: �Ü�Æ��Ü�Æ�. B
�(Nash) Ú¦JÑ�B�þï´�Ü�Æ��Ä:,
âÊ|(Shapley)�<´Ü�Æ���L<Ô.
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ããã 1: John von Neumann

J. von Neumann and O. Morgenstern, Theory of
Games and Economic Behavior, Princeton University
Press, Princeton, New Jersey, 1944.
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+ ��o�ÆSÆ�Ø?

5Æ�Ø°{6: “küa<�±ØÆÆ�Ø:�´¤6
�aqu°UÖ¤3���þ;�´�
�o¯Ñdg
C`
�,ØÉÙ¦<K�.”
Paul A. Samuelson (1915-2009, Nobel Memorial Prize
in Economic Sciences(1970))“��3y��¬���
¤õ�<,7LéÆ�Øk�����
)”.
Æ���Ø(Game Theoretic Control)´XÚ��nØ
���#)�:.
2023Ün¤ø,'ï�ø...

4�#, “Æ�Ø°{”,M�Tó��ÆÑ��, 2008.

HX, “'u��nØuÐ�,
g�”,XÚ�Æ�êÆ, 2012, 31(9): 1014-1018.

IÖ�.#��<ó�UuÐ5y.Iu(2017) 35Ò, 2017.07.08
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+ k�Æ�

Definition 1.1
��(k�)�5Æ�(normal game) dn�Ü©|¤: G =
(N, S,C),ùp

N = {1, 2, · · · , n}L«[,ùpkn�[;
S =

∏n
i=1 Si ¡�Û³(profile),ùp

Si = {si
1, · · · , si

ki
}, i = 1, · · · , n,

´1i �[�üÑ(strategy, action) 8, L«1i �
[kki �üÑ�ÀJ.Û³´¤k[üÑ8�(k�
È.
C = (c1, · · · , cn),ùpci : S → R´1i�[�ÂÃ¼
ê(payoff function).
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��BO,üÑ8Ï~P�

Si = {1, 2, · · · , ki}, i = 1, · · · , n.

ù´“k�”Æ��: (i) [ên < ∞, (ii) üÑê|Si| < ∞,
i = 1, · · · , n. ��§�?Øk�Æ�.
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+ A�~f

Example 1.2 [§§§äää(((¸̧̧ (prisoner’s dilemma)]

ü��Ü�Ó.duyâØv, XJü�ÜÜ�(Øçø), K
z<ò��-1 c. XJ����(=çø), ,��Ü�,
K��öÃ�º�, Ü�ö��9 c. XJü�þ��, K
z<ò��-6 c. ?Øz�§äòXÛûü? ù´�;
.�Æ�¯K. (i) N = {1, 2} =[1 �=[2; (ii) üÑ
8S1 = S2 = {1, 2},ùp1�LÜ�, 2�L��; (iii)|G¼
êci. Ï~|G¼ê^��L5L«. �L1.
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Example 1.2 (cont’d)

LLL 1: §ä(¸(VÝ
)

`\¯ 1 2
1 (1, 1) (9, 0)
2 (0, 9) (6, 6)

L1 �Ñ�¡���VÝ
(bi-matrix), z� �kü�ê,
c¡´[1 ¤�, �¡´[2 ¤�. ~X, XJ[1 �
üÑ1, [2 �üÑ2, �(1, 2)  ���, [1 �9 c, 
[2�0c.
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Example 1.2 (cont’d)

Ù¢,��k�Æ���Ü&EÑLy3VÝ
¥
. VÝ

�,�2�A^,�´,�[õuü<�§éØ�B,·
�Áã^üÝ
�O§. L2´L1�,�«/ª:

LLL 2: §ä(¸(üÝ
)

ci\s 11 12 21 22
c1 1 9 0 6
c2 1 0 9 6

L2¥1�1L«ØÓ�Û³, 1�1´�'Û³e[1
¤�, 1n1´�'Û³e[2 ¤�. e¡�~fÒwÑ
§�Ð?.
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Example 1.3

3 �<Ã%Ã�, XJ,<�Ù¦ü<ØÓ, K¦Ñ2 ©,
Ù¦�<�I1 ©. P[�1, 2, 3, KkXeÂÃüÝ
,
�L3.

LLL 3: Ã%Ã�

ci\s 111 112 121 122 211 212 221 222
c1 0 1 1 −2 −2 1 1 0
c2 0 1 −2 1 1 −2 1 0
c3 0 −2 1 1 1 1 −2 0
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Remark 1.4
3|GL�1�1, Û³Aî�Ui;Sü�. =k4��
��[�üÑsn l1 C�kn, ,�´�ê1��[�ü
Ñsn−1 l1C�kn−1, ��, ��1��[�üÑs1 l1C
�k1. ù�, âU¦|GÝ
k��5. �¡òw�, ù«ü
S3A^þ�©k�.

XJ3Æ�¥,z«Û³e¤kÂÃÚ�",=

n∑
i=1

ci(s) = 0, ∀s ∈ S,

K¡TÆ��"ÚÆ�.ØJ�y,~1.3�"ÚÆ�.
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1.2BBB���þþþïïï

Definition 2.1
�½��k�Æ�G = (N, S, C). ��Û³s∗ =
(s∗1, s

∗
2, · · · , s∗n)¡���B�þï,XJ

ci(s∗1, s
∗
2, · · · , s∗n) ≥ ci(s∗1, · · · , s∗i−1, si, s∗i+1, · · · , s∗n),

si ∈ Si, i = 1, · · · , n. (1)

B�þïL«¿�Æ�¥���[ÑU�É�üÑ8Ü,Ï
�?Û<üÕUCüÑÑ¬¯º(��Ø¬ÓB¨).
ék�Æ�, éN´l|GÝ
é�B�þï:, ·�^A
�~f5`².
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Example 2.2

(�ÂÆ�) Â�pk��Â(B)!��Â(S). Â��>´Â
 ø,,�>´m'. ÿ
m',Â øâU�m.  ø�g
C66 . XJ�Â�ÿm', �Âò¯1r�; XJ�Â�
ÿ, �Âò¯�5 6, �Âò¯�1 6. XJ�å�ÿ, �Â
ò¯�2 6, �Âò¯�4 6. XJÿ�gm'�Ñ�6U
þ,éÑB�þï:.

ããã 2: �ÂÆ�
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LLL 4: �ÂÆ�|GVÝ


B\S ÿ Øÿ
ÿ 3.5 1.5 0.5 5
Øÿ 6 -0.5 0 0

Nash Eqilibrium: B-ÿ, S-Øÿ.
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Example 2.3

�Ä��k�Æ�G = (N, S, C), ùpN = {1, 2, 3}, S1 =
{1, 2, 3}, S2 = {1, 2}, S3 = {1, 2, 3}. |GÝ
�L.

LLL 5: ~2.3|GÝ


C\P 111 112 113 121 122 123 211 212 213
c1 1 2 −1 −2 0 1 −2 1 1
c2 2 3 4 3 2 1 3 2 2
c3 −2 −1 0 −4 −2 −3 −3 −2 0

C\P 221 222 223 311 312 313 321 322 323
c1 1 0 2 3 2 1 −1 2 −2
c2 2 3 1 3 2 4 5 3 1
c3 −1 −1 0 0 −3 −3 −2 −1 −1
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Example 2.3 (cont’d)

�Äc1, '�§3111, 211 ±9311 ��, ùps−1 :=
∏

i 6=1 si

�üÑ´���. O(/`, s−1 = s2 × s3 = 11. d
uc1(111) = 1, c1(211) = −2,9c1(311) = 3,�

c1(311) = max
s1∈S1

c1(s1, 1, 1).

@o,·�3���3e\�ey�.ad,·�éz�s−1 ∈
S−1 Ïé���

max
s1∈S1

c1(s1, s−1), s−1 ∈ S−1,

3���e\ey�.
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Example 2.3 (cont’d)
é

max
s2∈S2

c2(s2, s−2), s−2 ∈ S−2,

Ú
max
s3∈S3

c3(s3, s−3), s−3 ∈ S−3,

�Ó��¯. ,��	|GÝ
�z��. XJ,��¤k
��Ñ\
ey�,ù��¤éA�Û³Ò´B�þï:.
��, ØJwÑ, �~kü�B�þï:, =(2, 1, 3)
9(3, 2, 2).
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1.3···ÜÜÜüüüÑÑÑ

´Ä¤k�k�Æ�Ñk÷v(1)�B�þïQ?·��	
e¡ù�~f.
Example 3.1

ü<�Þ-}-Ù(Rock-Scissors-Paper) iZ. Pü
ÑR = 1, S = 2, P = 3. KkXe|GÝ
(�L6

LLL 6: �Þ-}-Ù

C\P 11 12 13 21 22 23 31 32 33
c1 0 1 −1 −1 0 1 1 −1 0
c2 0 −1 1 1 0 −1 −1 1 0
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Example 3.1 (cont’d)

^c!�{·�òz«�¹e��Z�AyÑ.lL¥�±
wÑ, ù�Æ�vk½Â2.1 ¤��B�þï. L�Þ-}
-Ù�<Ñ��, A��Å/3“ �Þ”, “}”, “Ù”¥?À
��.ù«üÑ¡�·ÜüÑ(mixed strategy).
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Definition 3.2
�½���5Æ�.
P

S̄i =

{(
ri

1, · · · , ri
ki

)
|ri

j ≥ 0,
ki∑

j=1

ri
j = 1

}
.

s̄i =
(
ri

1, · · · , ri
ki

)
∈ S̄i ¡���·ÜüÑ, §L«1i �

[±VÇri
j �üÑsi

j ({¡: üÑj), j = 1, · · · , ki.
�A�Û³8ÜP�

S̄ =
n∏

i=1

S̄i.

s̄∗ = (s̄∗1, · · · , s̄∗n)¡���B�þï,XJ|G¼ê�Ï
"�÷v

Eci(s̄∗1, · · · , s̄∗n) ≥ Eci(s̄∗1, · · · , s̄∗i−1, s̄i, s̄∗i+1, · · · , s̄∗n),
s̄i ∈ S̄i, i = 1, · · · , n. (2)
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duÚ?
·ÜüÑ,c¡½Â�si ∈ SiÒ¡�XüÑ(pure
strategy). �,,XüÑ´�«AÏ�·ÜüÑ.
Example 3.3

£Á�Þ!}!ÙiZ§XJ#N¦^·ÜüÑ, Ø�
�,1��[�·ÜüÑ�(p1, p2, 1− p1 − p2),1��
[�·ÜüÑ�(q1, q2, 1− q1 − q2). u´,Ï"��

Ec1 = p1q2 − p1(1− q1 − q2)− p2q1 + p2(1− q1 − q2)
+(1− p1 − p2)q1 − (1− p1 − p2)q2

Ec2 = −p1q2 + p1(1− q1 − q2) + p2q1 − p2(1− q1 − q2)
−(1− p1 − p2)q1 + (1− p1 − p2)q2.
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Example 3.3(cont’d)

5¿�B�þï´�Z�A¼ê�),O�

∂Ec1

∂p1
= q2 − (1− q1 − q2)− q1 + q2 := 0,

��3q2 = 1,u´

q∗2 =
1
3
.

Ó�,d

∂Ec1

∂p2
= 0;

∂Ec2

∂q1
= 0;

∂Ec2

∂q2
= 0

�©O��

q∗1 =
1
3

; p∗2 =
1
3

; p∗1 =
1
3
.
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Example 3.3(cont’d)

Ïd, σ∗ = (σ∗1 , σ
∗
2) ´”}�ÞÙ”Æ��·ÜüÑB�þ

ï,Ù¥ σ∗1 = (1
3 ,

1
3 ,

1
3), σ∗2 =

(
1
3 ,

1
3 ,

1
3

)
.

�
«O,dXüÑ|¤�B�þï¡�XB�þï.
±e½n´B����Ì��z.

Theorem 1
(Gibbons 92)?Ûk�Æ�o�3B�þï,�§�U´d
·ÜüÑ�¤.

R. Gibbons, A Primer in Game Theory, Pearson Edu-
cation Lim., Harlow, 1992.
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+ B�þï�¿Â

John W. Milnor (1931-) Topologist, Fields Medal(1962), Wolf
Prize(1989), Abel Prize(2011) :

“X{êÆ[é?ÛêÆó��µd  Äu§3êÆþ�
�ÝÚ2Ý, =½öÚ?
#�êÆg�Ú�{, ½ö)û

�Ï]�û�¯K. Uìù«�ªw, B��¼øó�
�´��|©�¿ØÑ<¿��éÙ��{�A^. �´,
�êÆ�A^�<a�Æ�Ù¦©|�,·�7L@ý/J
Ñ����ØÓ�¯K:ù�#�ó�U¦·�éy¢.
�n)O\�Û�§Ý? Äuù�nd, @oNash �Ø©
��ØÖÚu�|�·. ”
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1.4ÆÆÆ���������ÜÜÜ666¼¼¼êêê

+ �Ü6¼ê

Definition 4.1
�xi ∈ D, i = 1, · · · , n. ��N�f : Dn → R, P
�f (x1, · · · , xn),¡����Ù�¼ê.

�xi ^�þL«�,=-xi ∈ ∆,aquÙ�¼ê,�Ù�¼
ê�kXe�êL�ª.

Proposition 4.2

�����Ù�¼êf : Dn → R. �xi L«��þ/ª�,
K�3��1�þVf ∈ R2n,¡�f �(��þ,¦�

f (x1, · · · , xn) = Vf nn
i=1 xi. (3)
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�Ù�¼êké2��A^,AO´Ù`z¯KQ�2�?
Ø.�Ù�¼ê�����í2Ò´�Ü2¼ê.

Definition 4.3
�xi ∈ Dki, i = 1, · · · , n. ��N�f :

∏n
i=1Dki → R, P

�f (x1, · · · , xn), ¡����Ü6¼ê. �k1 = k2 = · · · =
kn := k0 �, f ¡�k0-��Ü6¼ê,ÄK¡�·Ü��Ü6
¼ê.
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Ó�, 3�þ/ªe, -xi ∈ ∆ki, �Ü6¼ê�kXe�ê
L�ª.

Proposition 4.4

�����Ü6¼êf :
∏n

i=1Dki → R. �xi L«��þ/ª
�,K�3��1�þVf ∈ Rk (ùpk =

∏n
i=1 ki),¡�f �(

��þ,¦�

f (x1, · · · , xn) = Vf nn
i=1 xi. (4)
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£�k�Æ�, �ÄüÑ8Si = {1, 2, · · · , ki}. ��òj �δj
ki

�Ó,KSi ∼ ∆ki, i = 1, · · · , n. K|G¼êci :
∏n

i=1 ∆ki → R,
i = 1, · · · , n, Ò¤��Ü6¼ê. Pci �(��þ�Vi,
K(V1,V2, · · · ,Vn)��(½
��k�Æ�.

Proposition 4.5

|N| = n, |Si| = ki, i = 1, · · · , n �k�Æ��N�¤��nk
��5�mRnk,ùpk =

∏n
i=1 ki. P

V := (V1,V2, · · · ,Vn) ∈ Rnk, (5)

ùpVi ´[i�|G¼ê�(��þ.

±�¬w�, k�Æ���5�m(�4ä�5. ù�´
��oSTP�±?nk�Æ�.
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Example 4.6

�Ä~2.3,|GÝ
�:

LLL 7: ~2.3|GÝ


C\P 111 112 113 121 122 123 211 212 213
c1 1 2 −1 −2 0 1 −2 1 1
c2 2 3 4 3 2 1 3 2 2
c3 −2 −1 0 −4 −2 −3 −3 −2 0

C\P 221 222 223 311 312 313 321 322 323
c1 1 0 2 3 2 1 −1 2 −2
c2 2 3 1 3 2 4 5 3 1
c3 −1 −1 0 0 −3 −3 −2 −1 −1
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Example 4.6(cont’d)

V = [V1,V2,V3]
= [1, 2,−1,−2, 0, 1,−2, 1, 1, 1, 0, 2, 3, 2, 1,−1, 2,−2︸ ︷︷ ︸

V1

,

2, 3, 4, 3, 2, 1, 3, 2, 2, 2, 3, 1, 3, 2, 4, 5, 3, 1︸ ︷︷ ︸
V2

−2,−1, 0,−4,−2,−3,−3,−2, 0,−1,−1, 0, 0,−3,−3,−2,−1,−1︸ ︷︷ ︸
V3

].
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ÄuSTP�ü�ïÄ��
·�©Û:�þ�m(�,a.�y
Ä�©Û:üzÆ�/�äüzÆ�©Û
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������

1. Benoit & Krishna Æ��|GVÝ
�L8 , Ù¥üÑ1:
-6,Ù¥üÑ2: ��,Ù¥üÑ3: "x.

LLL 8: Benoit & KrishnaÆ�

B\K 1 2 3
1 10, 10 −1, −12 −1, 15
2 −12, −1 8, 8 −1, −1
3 15, −1 −1, −1 0, 0
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ò|GLL«�üÝ
/ª.
§´ÄkXB�þï?

2. ü�<ßM1, z<�Ñ�q. �m�, eþ��¡�þ
½�¡�e,K`I.e�q�¡�þ,�q�¡�e,K
¯I.éÑÙB�þï:.

3. òBenoit & KrishnaÆ�(�K1)¥ü�[�|G¼ê
�¤�Ü6¼ê�/ª.
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