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1. ³³³ÆÆÆ���999ÙÙÙÄÄÄ���555���

+ �o´³Æ�?

³Æ��@´dRosenthal JÑ�. Shapley �<�

Nõ?�Ú��õÚuÐ.
³Æ����aAÏ�Æ�kNõ`û�5�. AO´
§3üze¬Âñ�B�þï:�ù�A5,¦§�É
�à.
§�Ïd3Nõ¢SXÚ�ïÄ¥��A^: ~X, �
ÏZl¯K,>å���>����.
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+ ³¼ê

Definition 1.1
�G = (N, S,C) ��k�Æ�. |N| = n, |Si| = ki, i =
1, · · · , n,

∏n
i=1 ki = k.

G ¡����³Æ�(ordinal potential game), XJ�
3��¼êP : S → R, ¡�³¼ê, ¦�éz�i Úz
�s−i ∈ S−i þ¤á:

ci(xi, s−i)− ci(yi, s−i) > 0⇔ P(xi, s−i)− P(yi, s−i) > 0,
∀xi, yi ∈ Si.

(1)
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Definition 1.1(cont’d)

G ¡���\�³Æ�(weighted potential game), X
J�3�|�ê{wi > 0 | i = 1, · · · , n},¡��­,Ú�
�¼êP : S → R, ¡�³¼ê,¼êP : S → R, ¡�³
¼ê,¦�éz�i,z�|xi, yi ∈ Si,Úz��s−i ∈ S−i

þ¤á:

ci(xi, s−i)− ci(yi, s−i) = wi
[
P(xi, s−i)− P(yi, s−i)

]
. (2)

G¡���(X)³Æ�(pure potential game),XJG´
��\�³Æ�,�¤k�­þ�1,=wi = 1, ∀i.
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5¿,·�w,kXe%º'X:

³Æ�⇒\�³Æ�⇒�³Æ�.

e¡´³Æ���
Ì�5�:

Theorem 1.2
XJG ´³Æ�, @o, P 3NN��~ê��¿Âe��.
�ó�,XJP1ÚP2�G�ü�³¼ê,KP1−P2 = c0 ∈ R.
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Theorem 1.3
XJG ´³Æ�, P ´G �³¼ê, s∗ �³¼ê���4�
:. @o, s∗ ´G���B�þï:. £��¤

e¡�íØ´w,�.

Corollary 1.4

XJG ´k�³Æ�, d§�GéMBRA �#�ª/¤ü
zÆ�,KTüzÆ�Âñu��B�þï:.
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Ù�, ÃØ´åÆ½>|¥�³¼êé4´Oþ�". e¡
�½nw«
Æ�¥³¼ê�aq5�. §��^5u�
��Æ�´Ä´³Æ�.
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Theorem 1.5
��Æ�G ´³Æ�, ��=�éz�éi, j ∈ N, ÀJ?Û
��a ∈ S−{i,j},�éxi, yi ∈ Si,Ú�éxj, yj ∈ Sj,þk

ci(B)− ci(A) + cj(C)− cj(B)
+ci(D)− ci(C) + cj(A)− cj(D) = 0, (3)

ùpA = (xi, xj, a),B = (yi, xj, a),C = (yi, yj, a),D = (xi, yj, a).

A

B C

D

ããã 1: 4£´

[1] D. Monderer, L.S. Shapley, Potential Games, Games and Eco-
nomic Behavior, Vol. 14, 124-143, 1996. 9 / 36



2. ³³³���§§§

�!í�(\�)³Æ�¤÷v�Ä��§,¡³�§.

2.1
��k�Æ�G ´\�³Æ�, ��=��3(i)
P(x1, · · · , n); (ii) di(x1, · · · , x̂i, · · · , xn), i = 1, · · · , n, ùp.̂ L
«vkT�(=, di �xi Ã'); (iii) wi > 0, i = 1, · · · , n,¦�

ci(x1, · · · , xn) = wiP(x1, · · · , xn)
+di(x1, · · · , x̂i, · · · , xn), i = 1, · · · , n. (4)

P¡�\�³¼ê.
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ò(4)L«��þ/ª,K�

Vc
i nn

j=1 xj = wiVP nn
j=1 xj + Vd

i nj6=i xj, i = 1, · · · , n, (5)

ùpVc
i ,VP ∈ Rkn

±9Vd
i ∈ Rkn−1

Ñ´1�þ,´�A¼ê�
(��þ.
Ïd, u�G ´Ä´³Æ�Ò�du(4) ´Ä�3�A�P
Údi. ù�du(5)´Ä�3)VP ÚVd

i .
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½Â

Ψi := Iαi ⊗ 1ki ⊗ Iβi , i = 1, · · · , n, (6)

ùp
α1 = 1, αi =

∏i−1
j=1 kj, i ≥ 2

βn = 1, βi =
∏n

j=i+1 kj, i ≤ n− 1.

@o(5)Ò�±L«¤

Vd
i ΨT

i = Vc
i − wiVp, i = 1, · · · , n. (7)
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l(7))Ñ
w1VP = Vc

1 − Vd
1 ΨT

1 .

�\(7)�Ù¦�§��

w1Vd
i ΨT

i − wiVd
1 ΨT

1 = w1Vc
i − wiVc

1, i = 2, 3, · · · , n. (8)

½Âü|�þXe:

ξi := (Vd
i )T , i = 1, · · · , n,

bi−1 := [w1Vc
i − wiVc

1]T , i = 2, · · · , n.
(9)

K(8)�L��

Ψwξ = b, (10)
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ùp
ξ = (ξT

1 , · · · , ξT
n )T ,

b = (bT
1 , · · · , bT

n−1)
T ,

�

Ψw =


−w2Ψ1 w1Ψ2 0 · · · 0
−w3Ψ1 0 w1Ψ3 · · · 0

...
−wnΨ1 0 0 · · · w1Ψn

 . (11)
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nÜ±þ�?Ø��:

Theorem 2.2
�G = (N, S,C) ��k�Æ�, |N| = n, |Si| = ki, i =
1, · · · , n. G ´��±{wi > 0 | i = 1, · · · , n} ���\�
³Æ�,��=��§(10)k). ¿�,XJ)�3,K

VPw =
1

w1

[
Vc

1 − ξT
1 ΨT

1

]
. (12)
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Remark 2.3
¡(10)�³�§. �wi = 1, i = 1, · · · , n,\�³Æ�C
�³Æ�.·�PÙXê�§�

Ψ := Ψw
∣∣

w=1T
n
.

XJPw ÚP̃w ´�­�w �ü�(\�)³. ½Â��#
Æ�G′,§ò�|G¼êU�

c′i =
ci

wi
, i = 1, · · · , n.

@o, Pw ÚP̃w Ñ´G′ �³¼ê. �â½n1.2,

P̃w − Pw = c0 ∈ R.
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e¡�	�Þ-}
-ÙiZ.
Example 3.2

�Äü<
�Þ-}
-Ù, |G�L1, L¥: 1: �Þ, 2: }

, 3: Ù.

LLL 1: �Þ-}
-Ù�|GÝ


c\P 11 12 13 21 22 23 31 32 33
c1 0 −1 1 1 0 −1 −1 1 0
c2 0 1 −1 −1 0 1 1 −1 0

G´³Æ�í?
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Example 3.2(cont’d)

N´��

Ψ1 = δ3[1, 2, 3, 1, 2, 3, 1, 2, 3]T

Ψ2 = δ3[1, 1, 1, 2, 2, 2, 3, 3, 3]T .

u´k

Ψ = [−Ψ1 Ψ2] =



−1 0 0 1 0 0
0 −1 0 1 0 0
0 0 −1 1 0 0
−1 0 0 0 1 0
0 −1 0 0 1 0
0 0 −1 0 1 0
−1 0 0 0 0 1
0 −1 0 0 0 1
0 0 −1 0 0 1


b = Vc

2 − Vc
1 = [0, 2,−2,−2, 0, 2, 2,−2, 0]T . 18 / 36



Example 3.2(cont’d)

ØJu�: rank(Ψ) = 5 
rank[Ψ b] = 6, ³�§Ã). Ïd,
�Þ-}
-ÙØ´��³Æ�.
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3. ³³³���§§§���(((������)))

Proposition

Pk−i = k
ki
, i = 1, · · · , n.u´k

ξ0 :=
[
w11T

k−1
,w21T

k−2
, · · · ,wn1T

k−n

]T

´(10)�A�àg�§�). =, Ψwξ0 = 0.

rank(Ψw) =
n∑

i=1

(
k
ki

)
− 1 := rΨ,

§'Ψw ��ê�1.
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Theorem
� G ∈ G[n;k1,k2,··· ,kn]. K±eA:�d:
(i) G�³Æ�.
(ii)

rank[Ψ, b] =
n∑

i=1

(
k
ki

)
− 1. (13)

(iii)

b ∈ Span Col(Ψ). (14)

(iv) ?À i ∈ {1, 2, · · · , n},

b ∈ Span {Colj(Ψ)|j 6= i} . (15)
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�!ÏLA�~f`²XÛA^³�§u�³Æ�.
Example 3.1

��k�Æ�G, |N| = 3, |Si| = 2,|GÝ
�L2.

LLL 2: ~3.1|GÝ


c\p 111 112 121 122 211 212 221 222
c1 a b b d c e e f
c2 a b c e b d e f
c3 a c b e b e d f

·�u�é¡Æ� G´Ä�³Æ�?
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Example 3.1(cont’d)
|^(6)��

Ψ1 = (δ2[1, 2, 1, 2])T ⊗ I2

=


1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1


T

;
(16)

Ψ2 = (δ2[1, 1, 2, 2])T ⊗ I2

=


1 0 1 0 0 0 0 0
0 1 0 1 0 0 0 0
0 0 0 0 1 0 1 0
0 0 0 0 0 1 0 1


T

;
(17)

Ψ3 = (δ4[1, 1, 2, 2, 3, 3, 4, 4])T

=


1 1 0 0 0 0 0 0
0 0 1 1 0 0 0 0
0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 1


T

.
(18)
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Example 3.1(cont’d)

Ïd��

Ψ =



−1 0 0 0 1 0 0 0 0 0 0 0
0 −1 0 0 0 1 0 0 0 0 0 0
0 0 −1 0 1 0 0 0 0 0 0 0
0 0 0 −1 0 1 0 0 0 0 0 0
−1 0 0 0 0 0 1 0 0 0 0 0
0 −1 0 0 0 0 0 1 0 0 0 0
0 0 −1 0 0 0 1 0 0 0 0 0
0 0 0 −1 0 0 0 1 0 0 0 0
−1 0 0 0 0 0 0 0 1 0 0 0
0 −1 0 0 0 0 0 0 1 0 0 0
0 0 −1 0 0 0 0 0 0 1 0 0
0 0 0 −1 0 0 0 0 0 1 0 0
−1 0 0 0 0 0 0 0 0 0 1 0
0 −1 0 0 0 0 0 0 0 0 1 0
0 0 −1 0 0 0 0 0 0 0 0 1
0 0 0 −1 0 0 0 0 0 0 0 1


.
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Example 3.1(cont’d)

e¡O�

b1 = (Vc
2 − Vc

1)T = [0, 0, c− b, e− d, b− c, d − e, 0, 0]T

b2 = (Vc
3 − Vc

1)T = [0, c− b, 0, e− d, b− c, 0, d − e, 0]T .

u´

b = [bT
1 bT

2 ]
T

= [0, 0, β, β,−α,−β, 0, 0, 0, α, 0, β,−α, 0,−β, 0]T ,
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Example 3.1(cont’d)

ùpα = c− b, β = e− d. ØJu�

b = (α + β)Col1(Ψ) + βCol2(Ψ) + βCol3(Ψ)
+(α + β)Col5(Ψ) + βCol6(Ψ) + βCol7(Ψ)
+(α + β)Col9(Ψ) + βCol10(Ψ) + βCol11(Ψ).

�â½n2.2 ��, �|N| = 3 |Si| = 2, i = 1, 2 �, é¡Æ�
þ�³Æ�.
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Example 3.1(cont’d)

e¡, �O�³¼ê, ·��ÑäNëê. �a = 1, b = 1,
c = 2, d = −1, e = 1, f = −1. KØJ�Ñ

b1 = [Vc
2 − Vc

1]T = [0, 0, 1, 2,−1,−2, 0, 0]T

b2 = [Vc
3 − Vc

1]T = [0, 1, 0, 2,−1, 0,−2, 0]T .

)³�§(10), ?¦��)ξ = [3, 2, 2, 0, 3, 2, 2, 0, 3, 2, 2, 0]T .
KVd

1 = ξT
1 = [3, 2, 2, 0]. |^(12)��
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Example 3.1(cont’d)

VP = Vc
1 − Vd

1 D[2,2]
r

= [1, 1, 1,−1, 2, 1, 1,−1]− [3, 2, 2, 0]δ2[1, 2, 1, 2]
= [−2,−1,−1,−1,−1,−1,−1,−1].

����³¼ê

P(x) = [−2,−1,−1,−1,−1,−1,−1,−1]x + c0,

ùpx = n3
i=1xi ∈ ∆8.
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4. kkk���ÆÆÆ���������þþþ���mmm©©©)))

+ �þ�m(�
G[n;k1,··· ,kn]

G ∈ G: ci = Vc
i nn

j=1 xj, i = 1, · · · , n.

G ∼ (Vc
1, · · · ,Vc

n) ∈ Rnk, k =
n∏

i=1

ki.
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+ �þ�m©)

G[n;k1,··· ,kn] = ︸ ︷︷ ︸
P: Potential games

Pp ⊕
H: Harmonic games︷ ︸︸ ︷
N ⊕ Hp . (19)
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+ Non-Strategic N

ci(xi, s−i)− ci(yi, s−i) = 0,
xi, yi ∈ Si, s−i ∈ S−i.

+ Harmonic H
H = P⊥.

[1] D. Cheng, On finite potential games, Automatica, Vol.
50, No. 7, 1793-1801, 2014 (Regular Paper).

[2] D. Cheng, T. Liu, K. Zhang,H. Qi, On Decomposed
Subspaces of Finite Games, IEEE Trans. Aut. Contr.,
61(11), 3651-3656, 2016.

31 / 36



+ {¤

Shapley [3]: N = 2, O(k4) ;
Hofbauer 4]: N = 2, O(k3);
Hino [5]: N = 2, O(k2);
Cheng [1]: N = n, Potential Equation;
Liu Zhu [6]: N = n, minimum order.

Hino (2011): “It is not easy, however, to verify whether a
given game is a potential game.”
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+ Æ���Øµe [7]

Potential Games

Utility Design

Learning Design

ããã 2: Game Theoretic Approach
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������

1. �Ä��é¡�<Æ�,|GÝ
�L3.

LLL 3: G�|GVÝ


P1\P2 1 2
1 (1, 3) (2, 2)
2 (3, 4) (4, 3)

§´Ä�³Æ�?XJ´,O��A�³¼ê.
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