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1. FE5E LI

w12 RHHEE?

o HiHIrA LI Rosenthal 2 ). Shapley 2 A
2t — e B .

o FIHIAE N —RRFBRI I ZA V20 R PERT. Rl 2
EAEHAL T 2SR A 351 I — R, (e 52
k.

o B ITEV 2 Lhr KRG M AR AR B0, 2
TR ZE N, FBCSh S R ) 45
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Definition 1.1

WG = (N,S,C) N—HREZE N =n, |S] = k, i =
Leouon [ ki =k

@ G MN—ANZ #1425 (ordinal potential game), & R&77
FE—DREP S — R, FONFHREL, 150 54N s
Ns~i e ST RO

ci(xi,s7) — ci(yi, s > 0 P(x;,s7) — P(y;,s7') > 0,
in,yi S Si.

(1)

v
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@ G FRN—AN AL #1835 (weighted potential game), Ul
BIFAE—HIES (W, >0]i=1,---  n}, HABE, fil—
NEREP - S — R, FRABRE REP : S — R, IKAH
El%&, ’fi?ﬁB‘Xﬂ‘/l\l, *éﬂxi, yi € Si, ;Fﬂ—‘/l\s_i & S
PIROL:

ci(xi, s — iy, s7) = wi {P(Xias_i) - P(yi,s_i)} . (2

@ G M A—(2h)#1# 2% (pure potential game), U1HRG &
— NI ZE, BT RERIAL, Blw, = 1, Vi
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R, BATRARA W T 46K AR
HIIE = MBS LY = 2 HMsE.
N ISR £ AR

WRG ZAEZE, WA, PERTF—NEHERE ST HE—.
52, WP, #P, AG FIHNAREL, WP, —P, = ¢y € R.
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ARG REHIEIE, PG FHREL, s AH BN — PR
w4, st G K. (Rl

7136



S, T R 2 SR P o (09 RO PR R R, R
¥ B % 1 2 e 9 B B0 SR A 2t T
—MEZER TSI,
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Theorem 1.5

—MEZEG R, G HACEN X, € N, EERARA
—T~a & S_{i’j}, *Xﬁx,‘,yi €S, %ﬂ*Xﬂij,yj € Sj, i@ﬁ

ci(B) — ci(A) +¢(C) — ¢(B) (3)
+c;(D) — ¢i(C) + ¢;(A) — ¢j(D) =0,

ﬁ:%A = (xiaxjaa)aB = (yiaxjva)a C= (yiayj7a)7D = (xiaija)-

A@Q——0)D

B C

B 1 A%

[1] D. Monderer, L.S. Shapley, Potential Games, Games and Eco-
nomic Behavior Vol. 14 124-143 1996.
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2. AR

ASTHE T (INAL) 35 [ 59 s A2 AT RE, AR T AE.

2+
— A BRI G & BRI 2R, 4 B AL A ()
P(X1,~" ,I’l), (") di(xla"' 7561'7"' 7xn)’ i = 17 , 1, QEA%
ANBCAZINRE, d; Sx; TeR); (i) w; > 0,i=1,--- ,n, 15

Ci(-xl7"' axn) — WiP(Xl,"‘ >xn)
+d,'(X1,"',)AC[,"‘,Xn), l:177n

P BRI bR 4L
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¥o(4) T AR, NI
VlC D(;lzl Xj:Wl'VP D(;Zl Xj"—vid Xj£i Xj, I = 17 ) 1, (5)

KHEVE Ve € RE LLURVE € R #4718, AR B 5 51
G 1)

L, G BT R B IEIEMS N T (4) 2B EEH B HIP
Fd,. X5 T-(5) —BAEIEMV, FIVE,
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\pi::Iai®1ki®Iﬁi7 i:17...’n’
% 5 |

ar=1, a=[[_ 1k, i>2
H4(5) Win] AR IR Ak

ViUl =ve —wVvP, i=1,--- ,n
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M(7)
w VP = Ve — vigT,

FRN(7) I HARTTFETT45
WlVld\I}zT_lef\I/{ :WIV;_WIVL l:2737 , 1. (8)

SE SR A BT
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g: (5{7 >€nT)Ta
b= (b{f" 7b£fl>T>

H
—wo, ¥, w0, 0 0
O (1)
—w.nllll 0 0 - w0,
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2 DL BT w4
Theorem 2.2
WG = (N,S,C) N—HAMREZE, IN| =n, |S]| = k, i =
- ,n. GE—"NU{w >0|i=1,---,n} AR
PR, B HANHTRE0) Bk FEH, anR gL,

1

VP = - [Vi =& v]] . (12)

v
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(Remark23
@ FR(10) NI Hw, =1,i=1,--- ,n, IBCEAHZEEE
NBAAEZE. BATCH REOTEN

U= 0|

17"
w=11

o LIRPY FIPY R E Aw MFANE)HA. & L—
HZRG, B JFE AT R E N
/ Ci

Ci:_7 i:lv...7n.
Wi

Mo, P FPY HRG IIFH B IR EHE1.2,

P" —P" =¢y e R.
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I 25 5 A k- BY ) -An i K.

Z e NIUA K-8 J]-A0, AT ILERT, R 1 A=k, 20 BY
71, 3: 4.

R A A k-BY T A SO R R

c\P| 11|12 | 13 |21 (22|23 |31 |32 |33
i 0| —-1] 1 110 |—-1(—-1| 110
c |01 |—-1|-110/]1 1 [-1]0

G A IR ?
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Example 3.2(cont’d)

HEHHG

18 /36

0
0

1
1

-1 100

0

—1
0
0

—1
0
0

—1

0

0

0 010

0 010
-1 010

0
0
-1
0
0

0 001

0 001
-1 0 0 1

U =[-T U, =

[0,2,-2,-2,0,2,2,-2,0]".

c
1

b=V —

y



Example 3.2(cont’d)

AHERTIS: rank(V) = 5 Tirank[¥ b] = 6, H 7 FE L. K,
A1 3R-BIT]-A AN — D FH L,
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3. BITREME 5

° idki=£, i=1-- nTRH

T
R T T T
é-o L |:W1 lk—l 3 W21k_27 po0 o Wnlk_n:|

7&(10) FHRLHIFFRITRE AR, B, we = 0.

° n
rank(0") = 3" (kf) =y,

i=1
B SN .
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Theorem

B G € Gk, sy, - WIEAT JLRLSEAN:
(i) G AHIHIE.

(i)

(iii)
b € Span Col(V).
(iv) {Eikie {1,2,--- ,n},

b € Span {Col;(¥)|j # i}.

(14)

(15)
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AT @IS LA 5 18 A G o] S A 25075 R A 36 2 1 5%

—NERMBZEG, [N| =3, |S;| = 2, SCAHHERE KL#&2.

& 2: 3.1 AR

c\p | 111 | 112 | 121 | 122 | 211 | 212 | 221 | 22
1 a b d c e e f
1) a c e b e f
3 a c b e b e d f

RAIAFRGZE G £ 75 R HTE?
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Example 3.1(cont’d)

FH(6) w13

123 /36

(62[1727 1a 2])T ®IZ

vy

—_~~ —_~ —_
© ~ ©
~— ~— —
N— N— N—

&~ &~ ’ ~
oo~ cocoo—~5 ocooco —
« =
co—~0 ST oo—~o YT ooco~
® <
S0 08 OO0~ n OO0 —O
—ococo VYoo~ CNoo~o
IS IS
SO0~ T O—~0O0 NO—=0O
co—~0 “—~—ococo Lo—~oo
S =
oc—~o0co “o—0co J—~00O0

SN—
— 0 O o — 0 o O, — 0 O O,
I I I I Il
[\l on
= =



RN K

cococococo

cococococo

cococococo

cocococoo

cococoo—~

cococo—~o

o~ —~0 0

—o—~0o 00

24/36



Example 3.1(cont’d)
A

by = (V§—-V)T =[0,0,c —b,e—d,b—c,d—e,0,0]"
by = (V§— ”) [0,c —b,0,e —d,b—c,0,d —¢,0]".

S§
I

(b7 B3]
[07075757 —Q, _570707 Oaavoaﬂa —Oé,O, —ﬁ,O]T,
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Example 3.1(cont’d)
XHBa=c—b,[=e—d IR
b = (a+ B)Coly(¥)+ BCol,(¥) + SCols(V)

+(a + B)Cols(¥) + SCols (V) + BCol; (V)
+(Oé = ﬂ)Colg(\I/) aF BCOZl()(\I/) T+ 6C0l11(\11)

FRYEEBE2.2 WAL, HIN| =3 || =2,i = 1,2 I, XFFRiEZE
BN H IR,
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Example 3.1(cont’d)

N, N E S R, BTG B EASE. WKa =1, b = 1,

c=2,d=—1,e=1,f=—1. W RAEHH

by = [V§— VT =[0,0,1,2,—1,-2,0,0]"
by — [VE— VT =10,1,0,2,~1,0,~2,0]".

fRABTTFE(0), (B R—MEE = [3,2,2,0,3,2,2,0,3,2,2,0]".

Mvi = ¢l = [3,2,2,0]. MA(12) wI5
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Example 3.1(cont’d)

Ve = Vi—viD
[1,1,1,-1,2,1,1,—1] — [3,2,2,0]5,1,2, 1,2]
= [-2,-1,-1,-1,—1,—-1,—1,—1].

e A5 95 pR AL

P(x) =[-2,-1,-1,—1,—-1,—1,—1, —1]x + co,

i‘XE“X = D<i3:1xi S Ag.
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4. 43 PR 2% 1 ) & 2 1] g fi

v [i1] B2 ¥ [ 45 44
st~ o]

Geg:ci:‘/l.cb(;lzlxj’i:l’...,n_

GN(Vf‘,...’V;)GRﬂk’ k:Hkl

i=1
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w e R 2 ] O i
‘H: Harmonic ~ games

—_——TN—
Cigivdu] = Pp ® N & H, . (19

P: Potential ~ games
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= Non-Strategic N
ci(xi,s7°) — ci(yi, s7) = 0,
Xi, Vi € S,’, S_i S S_i.
1 Harmonic H
H =P+

[1] D. Cheng, On finite potential games, Automatica, Vol.
50, No. 7, 1793-1801, 2014 (Regular Paper).

[2] D. Cheng, T. Liu, K. Zhang,H. Qi, On Decomposed
Subspaces of Finite Games, IEEE Trans. Aut. Contr.,
61(11), 3651-3656, 2016.
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= Jfj 52

@ Shapley [3]: N =2, O(k*);

@ Hofbauer 4]: N =2, O(kK®);

@ Hino[5]: N =2, 0(k);

@ Cheng [1]: N = n, Potential Equation;
@ Liu Zhu [6]: N = n, minimum order.

Hino (2011): “It is not easy, however, to verify whether a
given game is a potential game.”
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