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1. EEEÆÆÆ������ÛÛÛ³³³üüüzzz���§§§

+ EÆ�

�G = (N, S,C)���k��5Æ�.XJù�Æ��E
õg(Ã¡g), @o, dn5�b½, z�[Ñ¬�â®k
&E,�{��zgC|Ã.�|N| = n, |si| = ki, i = 1, · · · , n.
^xi(t + 1)L«[i3t + 1gÆ���üÑ,@o,k±e
�üz�§

x1(t + 1) = f1(x(t), x(t − 1), · · · , x(0))

x2(t + 1) = f2(x(t), x(t − 1), · · · , x(0))
...
xn(t + 1) = fn(x(t), x(t − 1), · · · , x(0)),

(1)

ùpx(τ) ∼ (x1(τ), · · · , xn(τ))L«τ ��#küÑCþ.
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+ Û³üz�§

�~���«üz�§,Ùe���üÑ=�6u�e�ü
Ñ(ê¼.),u´,üz�§C�


x1(t + 1) = f1(x1(t), x2(t), · · · , xn(t))
x2(t + 1) = f2(x1(t), x2(t), · · · , xn(t))
...
xn(t + 1) = fn(x(t), x2(t), · · · , xn(t)).

(2)
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Û³üz�§���±?�Ú©�ü«:
(½.: ù�, xi(t) ∈ Dki, i = 1, · · · , n. 3�þ/ªe,
Kxi(t) ∈ ∆ki. K3�þ/ªek

xi(t + 1) = Mix(t), i = 1, · · · , n, (3)

ùp, x(t) = nn
i=1xi(t), Mi ∈ Lki×k �fi �(�Ý
, i =

1, · · · , n. �ª�¦,K�Ù�êG��m�§:

x(t + 1) = Mx(t), (4)

ùp,

M = M1 ∗M2 ∗ · · · ∗Mn ∈ Lk×k. (5)
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VÇ.: ù�, G�Cþx(t) = (r1, r2, · · · , rk)
T ∈ Υk L

«, P(x(t) = δj
k) = rj, j = 1, · · · , k. ù�, (3)E¤á, �

´Colj(Mi) ∈ Υki, §L«x(t) = δj
k �xi(t + 1) �VÇ©

Ù.XJz��N�#ÙüÑ��ÿ÷v^�Õá�b
�,K(4)�E,k�,�M �(i, j)�,PXmi,j,§L«,
x(t) = δj

k �x(t + 1) = δi
k �VÇ.=

mij = P
{

x(t + 1) = δi
k | x(t) = δj

k

}
, i, j = 1, · · · , k.

(6)

Ïd, M ´�VÇ=£Ý
. (5)��¤

M = M1 ∗M2 ∗ · · · ∗Mn ∈ Υk×k. (7)

[1] Changxi Li, Xiao Zhang, Jun-e Feng, and Daizhan Cheng. Transition analysis of
stochastic logical control networks. IEEE Transactions on Automatic Control, 2023,
DOI: 10.1109/TAC.2023.3281986.
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2. üüüÑÑÑ���###555KKK

Û³üz�§, ½ö`, z�[�üÑüz�§, Ñ´d
¦�¤æ^�üÑ�#5K(strategy updating rule)5û½
�. 8c, 3nØïÄ¥~^�üÑ�#5K��´d;[
��OÑ5�. e¡ÞÑA«~^�.
áÀ�`�A (myopic best response adjustment, MBRA).

Õ3[i�á|þ,�	Ù¦<3t ���üÑs−i(t),ÀJ
éG¦���ZüÑ,P�

Oi(t) = argmaxsi∈Si
ci(si, s−i(t)).
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éuáÀ�`�A, �[�#�mé�. ·�éd�±
ey©:
�mGé.(sequential MBRA): �����k��
[�#üÑ.§��±[©�

±Ï.Gé(periodical MBRA):[U^SÓ6�#:{
xi(t + 1) = fi(x1(t), · · · , xn(t)),
xj(t + 1) = xj(t), j 6= i; t = kn + (i− 1), k = 0, 1, 2, · · · .

(8)

�Å.Gé(stochastic MBRA): z�[±�Ó�V
Ç(p = 1

n )�Àþ�#gCüÑ.
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�m¿é.(Parallel MBRA):¤k[Ó��#¦��
üÑ.d�,üz�§=�(4).
�m?é.(Cascading MBRA): �,¤k[Ó��
#¦��üÑ,��[j�#§�üÑ�,§��¿¦
^[i, i < j,�#üÑ.=,

x1(t + 1) = f1(x1(t), · · · , xn(t))
x2(t + 1) = f2(x1(t + 1), x2(t), · · · , xn(t))
...

xn(t + 1) = fn(x1(t + 1), · · · , xn−1(t + 1), xn(t)).

(9)
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�ëêτ > 0 �éê�A (Logit Response (LR) with
Parameter τ > 0)

%i�[3t + 1���üÑj ∈ Si �VÇ�

Pi
τ (xi(t + 1) = j|x(t)) =

exp( 1
τ
ci(j, x−i(t)))∑

si∈Si

exp( 1
τ
ci(si, x−i(t)))

. (10)
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Ã^��� (Unconditional Imitation (UI))
[i3¤k[¥Àt��ÂÃ�Ð�[,�ÙüÑ
�gCe����üÑ.XJ�`[Ø��,

1-.UI:��I���. =�

j∗ = min{µ|µ ∈ argmaxj cj(x(t))}. (11)

K

xi(t + 1) = xj∗(t). (12)

2-.UI:±�ÓVÇ�Ù¥?¿��.=XJ

argmaxj cj(x(t)) := {j∗1, · · · , j∗r},

K�

xi(t + 1) = xj∗µ(t),with probability pi
µ =

1
r
, µ = 1, · · · , r.

(13)
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Fermi 5K (Fermi’s Rule (FM)). ±�VÇ?À��
[j. ,�'�j �gC�þ�gÂÃ, ,�±Xe�{
û½e�güÑ:

xi(t + 1) =

{
xj(t), ±VÇ pt

xi(t), ±VÇ 1− pt,
(14)
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ùppt d±eFermi¼êû½:

pt =
1

1 + exp(−µ(cj(t)− ci(t)))
.

Ù¥,ëêµ > 0�?À.AO´,�µ =∞���

xi(t + 1) =

{
xi(t), ci(x(t)) ≥ cj(x(t))
xj(t), ci(x(t)) < cj(x(t)).

(15)
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3. lll���###üüüÑÑÑ���üüüzzz���§§§

�!?ØXÛdüÑ�#5K��üÑ9Û³üz�§.
�±`, Û³üz�§´��düÑ�#5K¤(½�. 3
þ�!, ·�éA«üÑ�#5K�
�©�¦�£ã, Ò
´�
¦§U��(½Û³üz�§. e¡, ·�ÏLäN
~f5`²N�düÑ�#5K(½Û³üz�§.

14 / 37



Example 3.1

�	��EÆ�G ∈ G[3;3,2,3],Ù|GÝ
�:

LLL 1: ~3.1|GÝ


C\P 111 112 113 121 122 123 211 212 213
c1 1 2 −1 −2 0 1 −2 1 1
c2 2 3 4 3 2 1 3 2 2
c3 −2 −1 0 −4 −2 −3 −3 −2 0

C\P 221 222 223 311 312 313 321 322 323
c1 1 0 2 3 2 1 −1 2 −2
c2 2 3 1 3 2 4 5 3 1
c3 −1 −1 0 0 −3 −3 −2 −1 −1

·�?Ø�#5KXÛ(½/³üz�§.
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Example 3.1(cont’d)

�ÄüÑ�#5K�áÀ�`�A(MBRA):
é[1, '�c1(111), c1(211), �c1(311), Ïc1(111) = 1,
c1(211) = −2, �c1(311) = 3, ��[2 9[3 Ñ�ü
Ñ1 �, [1 ��Z�A´�üÑ3. �Ò´`: f1(111) =
f1(211) = f1(311) = 3. 2'�c1(112) = 2, c1(212) = 1,
�c1(312) = 2, ù�, XJ�Ä(½.�#(MBRA-D), K
kf1(112) = f1(212) = f1(312) = 1. XJ�ÄVÇ.�
#(MBRA-P),Kkf1(112) = f1(212) = f1(312) = 1(1

2)+3(1
2).

�¡ù�PÒL«, �1 �VÇ�1
2 , �3 �VÇ�1

2 . ad,
Ò�±��f1 �(�Ý
. Ó�, f2, f3 �(�Ý
����.
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Example 3.1(cont’d)
P

x1(t + 1) = f1(x1(t), x2(t), x3(t)) = M1 n3
i=1 xi(t) := M1x(t)

x2(t + 1) = f2(x1(t), x2(t), x3(t)) = M2 n3
i=1 xi(t) := M2x(t)

x3(t + 1) = f3(x1(t), x2(t), x3(t)) = M1 n3
i=1 xi(t) := M3x(t).

(16)

�����Û³üz�§

x(t + 1) = (M1 ∗M2 ∗M3)x(t) := Mx(t). (17)
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Example 11.3.1(cont’d)
ùp

MBRA-D:

M1 = δ3[3, 1, 2, 2, 3, 2, 3, 1, 2, 2, 3, 2, 3, 1, 2, 2, 3, 2]
M2 = δ2[2, 1, 1, 2, 1, 1, 1, 2, 1, 1, 2, 1, 2, 2, 1, 2, 2, 1]
M3 = δ3[3, 3, 3, 2, 2, 2, 3, 3, 3, 3, 3, 3, 1, 1, 1, 2, 2, 2].

(18)

M = δ18[18, 3, 9, 11, 14, 8, 15, 6, 9, 9, 18, 9, 16, 4, 7, 11, 17, 8].
(19)

MBRA-P:
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Example 11.3.1(cont’d)

M1 = δ3[3, 1(1
2) + 3(1

2), 2(1
2) + 3(1

2),
2, 3, 2, 3, 1(1

2) + 3(1
2), 2(1

2) + 3(1
2),

2, 3, 2, 3, 1(1
2) + 3(1

2), 2(1
2) + 3(1

2), 2, 3, 2]
M2 = δ2[2, 1, 1, 2, 1, 1, 1, 2, 1, 1, 2, 1, 2, 2, 1, 2, 2, 1]
M3 = δ3[3, 3, 3, 2, 2, 2, 3, 3, 3, 3, 3, 3, 1, 1, 1, 2(1

2) + 3(1
2),

2(1
2) + 3(1

2), 1(1
3) + 2(1

3) + 3(1
3)].

M = δ18[18, 3(1
2) + 15(1

2), 9(1
2) + 15(1

2), 11, 14, 8, 15,
6(1

2) + 18(1
2), 9(1

2) + 15(1
2), 9, 18, 9, 16,

4(1
2) + 10(1

2), 7(1
2) + 13(1

2), 11(1
2) + 12(1

2),
17(1

2) + 18(1
2), 7(1

3) + 8(1
3) + 9(1

3)].
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Example 11.3.1(cont’d)

e¡�Ä�#�m. ¢Sþ, dc¡�ö�L§ØJwÑ,
(16) ´�m¿é.�#. éu(½.( MBRA-D) üz�§,
·�òÙUE¤�m?é.�#. Äkk

x1(t + 1) = M1x(t) := M̃1x(t),

ùp, M̃1 = M1. Ùg

x2(t + 1) = M2x1(t + 1)x2(t)x3(t)
= M2M1x1(t)x2(t)x3(t)x2(t)x3(t)
= M2M1x1(t)OR

6 x2(t)x3(t)
= M2M1 (I3 ⊗ OR

6 ) x(t)
:= M̃2x(t),
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Example 11.3.1(cont’d)

u´k

M̃2 = M2M1 (I3 ⊗ OR
6 )

= δ2[2, 1, 1, 1, 2, 1, 2, 1, 1, 1, 2, 1, 2, 1, 1, 1, 2, 1].

Ó�/,��

x3(t + 1) = M3x1(t + 1)x2(t + 1)x3(t)
:= M̃3x(t),
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Example 11.3.1(cont’d)
ùp

M̃3 = M3M1
(
I18 ⊗ M̃2

)
OR

18 (I6 ⊗ OR
3 )

= δ3[2, 3, 3, 3, 2, 3, 2, 3, 3, 3, 2, 3, 2, 3, 3, 3, 2, 3].

����Û³üz�§�

x(t + 1) = Lx(t),

ùp,

L = M̃1 ∗ M̃2 ∗ M̃3

= [17, 3, 9, 9, 17, 9, 17, 3, 9, 9, 17, 9, 17, 3, 9, 9, 17, 9].
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k
üÑ�#5K���^u�äüzÆ�. d�, k��
�äã. ~X,Ã^���.XJò§^u��üzÆ�,@
o,�güz��[ÒÑ��
,ù«�¹v�o¿Â.�3
�ä¥,z��[�3§��¥ÀJ��é�,ù�,Ò¬
Ñy´L�üzL§.
2lüz�§�/ªw, (2)´�~���«,�´�ÖÌ�
�ïÄé�. �,, þ�!0��A«üÑ�#5KÑ¬�
�ù«/ª�üz�§,�¿Ø´z�«üÑ�#5KÑX
d.
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4. üüüÑÑÑ���ÂÂÂñññ555

��©�§aq, üÑüz�§�r�½5´�Û“ìC
½”. �duk�Æ�üÑ�k.(�)5, ���ÛÂñÒ
v

. �ì�©�§nØ, ·��±ÏL�EoäÊìÅ
¼ê��{5�yÂñ5.
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Definition 11.4.1
�½��üzÆ�G, �|N| = n, |Si| = ki, i = 1, · · · , n,
k :=

∏n
i=1 ki.

���Ü6¼êψ : ∆k → R ¡�G ���oäÊìÅ
¼ê,XJ

ψ(x(t + 1))− ψ(x(t)) ≥ 0, t ≥ 0, (20)

¿�,XJψ(x(t + 1)) = ψ(x(t))Kx(t + 1) = x(t).
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Definition 11.4.1 (cont’d)

�¦^·ÜüÑ�, ψ A�^ÙÏ"��O, =, Eψ :
Υk → R÷v

Eψ(x(t + 1))− Eψ(x(t)) ≥ 0, t ≥ 0, (21)

¿�,XJEψ(x(t + 1)) = Eψ(x(t))KEx(t + 1) = Ex(t).

d½Â�í�Xe(Ø.

Theorem 11.4.2
��üzÆ�, XJ�3��oäÊìÅ¼ê, K§�½¬
Âñ���²ï:.
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5¿, ²ï:�7��. Ïd, Âñ�@�²ï:�6uÐ
�.
���üzÆ�Xc. ÙÛ³üz�§�

x(t + 1) = Tx(t). (22)

N´�y±e�Ún:

Lemma l1.4.3
��üzÆ�GäkoäÊìÅ¼ê,��=��3��1
�þVψ ∈ Rk,¦�

Vψ (T − Ik) ≥ 0.

�,XJVψ (T − Ik) = 0Kkj¦Colj(T) = δj
k.

27 / 37



|^ù�Ún�±��

Theorem 11.4.4
�üzÆ�G äkÛ³üz�§(22), @pT =
δk[i1, i2, · · · , ik]. GäkoäÊìÅ¼êVψ = [a1, a2, · · · , ak],
��=�

(i) �§

aij ≥ aj, j = 1, · · · , k, (23)

k)aj, j = 1, · · · , k;
(ii) XJaij = aj Kkij = j.
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Example 11.4.5

���5Æ�G = (N, S,C), Ù¥N = {1, 2}, S1 = {1, 2},
S2 = {1, 2, 3},Ù|GÝ
�L2.

LLL 2: ~11.4.5|GÝ


c\s 11 12 13 21 22 23
c1 1.1 1.8 2.0 2.2 1.6 3.2
c2 3.3 2.8 3.1 2.5 3.6 4.1
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Example 11.4.5(cont’d)

¦^MBRA,·�k�Z�A¼êXL3

LLL 3: ~11.4.5�Z�A¼ê

f\s 11 12 13 21 22 23
f1 2 1 2 2 1 2
f2 1 1 1 3 3 3
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Example 11.4.5(cont’d)

¦^¿éMBRAK�

x1(t + 1) = δ2[2, 1, 2, 2, 1, 2]x(t) := M1x(t)
x2(t + 1) = δ3[1, 1, 1, 3, 3, 3]x(t) := M2x(t),

u´��Û³üz�§:

x(t + 1) = Mx(t) = M1 ∗M2x(t)
= δ6[4, 1, 4, 6, 3, 6]x(t). (24)
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Example 12.4.5(cont’d)
XJÀ

P(x) = δ6[2, 1, 4, 5, 3, 6]x := Vpx. (25)

Kk
V := Vp(M − I6) = [3, 1, 1, 1, 1, 0] ≥ 0.

��, �±�yVj = 0 Kj = 6. �j = 6 ·�kColj(M) =
δj

6. Ïd, P(x) ´TXÚ�oäÊìÅ¼ê. Ï²ï:��,
TüzÆ��ÛÂñ.
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������

1. ü<�Þ - } - Ù. üÑ�#5K´: (i) ùg�
,
egÒØÄ; (ii)ùgÑ
,egÒ�é�ùg�üÑ; (iii)ù
g²
, egÒ�U
�ùgüÑ�üÑ.Á�ÑÛ³üz
�§,¿©ÛÙüz5�.
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2. A, B, C n<§ä(¸,=n<Ó�z<�À�üÑ.�
â A − B �Û³�½ A 3� B �Æ�¥¤�, P� cA,B, 2
�â A − C �Û³�½ A 3� C �Æ�¥¤�, P� cA,C,
��, A3�Ó¤�� cA = cA,B + cA,C. aq/,�±½Â cB

Ú cC. �|GVÝ
�L 4.
n<�üÑ�#5KXe:

A: Ã^���.
B, C: áÀ�`�A.

(i) Á�ÑÛ³üz�§.
(ii) ?ØÛ³üz�§�Âñ5.
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LLL 4: §ä(¸ (VÝ
)

P1\P2 1 2
1 −1, −1 −10, 0
2 0, −10 −5, −5
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g�K: �Ä��k�Æ�G = (N, S,C), XJ�3��¼
êP : S→ R,÷vé?¿��Ni ∈ N§e¡�ªf¤á

ci(xi, s−i)− ci(yi, s−i) = P(xi, s−i)− P(yi, s−i),
xi, yi ∈ Si, s−i ∈ S−i,

(26)

@oGÒ�¡�³Æ�, P�TÆ��³¼ê. XJ³Æ�U
ì(½5áÀ�`�A�#ÙüÑ,?ØÙ³¼ê´Ä�T
Ä�e�oäÊìÅ¼ê.
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