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I. Hypermatrix(���ÝÝÝ


)

+ Hypermatrix: Multi-indexed Data

Definition 1.1[1]
(i) A set of order d data

A := {ai1,i2,··· ,id | is ∈ [1, ns], s ∈ [1, d]} ∈ Fn1×···×nd (1)

is called an order d hypermatrix (briefly, d-
hypermatrix) with dimensions n1 × n2 × · · · × nd. The
set of d-hypermatrix with dimension n1×n2×· · ·×nd is
denoted by Fn1×n2×···×nd , where ai1,i2,··· ,id ∈ F and F can
be R, C, or other fields.
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Definition 1.1(cont’d)

(ii) A ∈ F

d︷ ︸︸ ︷
n× n× · · · × n is called a d-hypercubic (�á�


).
(iii) A ∈ Fn1×n2×···×nd with n1 = nd is called a d-hypersquare

(�Ý/
).

[1] Lek-Heng Lim, Tensors and Hypermatri-
ces, in L. Hogben (Ed.) Handbook of Linear
Algebra (2nd ed.), Chapter 15, Chapman and
Hall/CRC.https://doi.org/10.1201/b16113, 2013.
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+ Special Cases

(i) d = 1 (Vector):

A = {xi | i ∈ [1, n]} ∈ Fn.

Express A into vector form:

A = (x1, · · · , xn)

or
A = (x1, · · · , xn)

T

(ii) d = 2 (Matrix):

A = {xi,j | i ∈ [1,m], j ∈ [1, n]} ∈ Fm×n.

Express A into matrix form:

A =


x1,1 x1,2 · · · x1,n

x2,1 x2,2 · · · x2,n
... · · ·

xm,1 xm,2 · · · xm,n

 ;

5 / 52



or
AT ;

or
Vr(A) = (x1,1, x1,2, · · · , x1,n, · · · , xm,n)

T ;

Vc(A) = (x1,1, x2,1, · · · , xm,1, · · · , xm,n)
T .

(iii) d = 3 (Cubic Matrix):

A = {di,j,k | i ∈ [1, p], j ∈ [1,m], k ∈ [1, n]} ∈ Fm×n.
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d111 d112 · · · d11n

d121 d122 · · · d12n
··· ··· ···

d1m1 d1m2 · · · d1mn

dk11 dk12 · · · dk1n

dk21 dk22 · · · dk2n
··· ··· ···

dkm1 dkm2 · · · dkmn

kt
h

la
ye

r

dp11 dp12 · · · dp1n

dp21 dp22 · · · dp2n

··· ··· ···
dpm1 dpm2 · · · dpmn

Figure 1: ��áN
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+ Tensor

Definition 1.2
Let V be an n-dimensional vector space.

d = {d1, · · · , dn}

a basis of V.
e = {e1, · · · , en}

a basis of V∗, which is dual to d. That is,

ei(dj) =

{
1, i = j,
0, i 6= j.

A multi-linear mapping t : V × · · · × V︸ ︷︷ ︸
r

×V∗ × · · · × V∗︸ ︷︷ ︸
s

→ R

is called a tensor of covariant order r and contra-variant
order s.
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Definition 1.2(cont’d)

µi1,··· ,ir
j1,··· ,js := t(di1 , · · · , dir ; ej1 , · · · , ejs),

iα, jβ ∈ [1, n], α ∈ [1, r], β ∈ [1, s].

Dt :=
{
µi1,··· ,ir

j1,··· ,js | iα, jβ ∈ [1, n], α ∈ [1, r], β ∈ [1, s]
}

is the set of structure constants.

order(Dt) = r + s.
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II. STP Approach to Hypermatrix

+ Application of STP

Definition 2.1
Let A ∈ Mm×n B ∈ Mp×q, t = lcm(n, p). The semi-tensor
product (STP) of A and B is

A n B :=
(
A⊗ It/n

) (
B⊗ It/p

)
. (2)

Example 2.2
Consider multi-linear mappings.
(i) Let π1 : Rn → R. Say,

π1(δ
i
n) = ai, i ∈ [1, n].
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Example 2.2(cont’d)
Set

VA = (a1, · · · , an).

Then
π(x) = VAx.

(ii) Let π2 : Rm × Rn → R. Say,

π2(δ
i
m, δ

j
n) = ai,j, i ∈ [1,m], j ∈ [1, n].

Set
MA = (ai,j) ∈Mm×n.

Let x ∈ Rm, y ∈ Rn. Then

π2(x, y) = xTMAy.
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Example 2.2(cont’d)
(iii) Let π3 : Rp × Rm × Rn → R. Say,

π3(δ
k
p, δ

i
m, δ

j
n) = dk,i,j, k ∈ [1, p], i ∈ [1,m], j ∈ [1, n].

Set

VA = [d1,1,1, · · · , d1,1,n, · · · , d1,m,1, · · · , d1,m,n,
· · · , dp,1,1, · · · , dp,m,n] ∈ Rpmn.

Let x ∈ Rp, y ∈ Rm, z ∈ Rn. Then

π3(x, y, z) = VA n x n y n z.
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Example 2.3
Let V = Rn. Consider a tensor t ∈ T r

s with

µi1,··· ,ir
j1,··· ,js := t(δi1

n , · · · , δir
n ; (δj1

n )T , · · · , (δjs
n )T),

iα, jβ ∈ [1, n], α ∈ [1, r], β ∈ [1, s].

Construct the structure matrix of t as

Mt =


µ1,1,··· ,1

1,1,··· ,1 µ1,1,··· ,2
1,1,··· ,1 · · · µ1,1,··· ,n

1,1,··· ,1
µ1,1,··· ,1

1,1,··· ,2 µ1,1,··· ,2
1,1,··· ,2 · · · µ1,1,··· ,n

1,1,··· ,2
· · ·

µ1,1,··· ,1
n,n,··· ,1 µ1,2,··· ,1

n,n,··· ,2 · · · µn,n,··· ,n
n,n,··· ,n


Let xi ∈ Rn, i ∈ [1, r], ωj ∈ (Rn)∗, j ∈ [1, s]. Then

t(x1, · · · , xr;ω1, · · · , ωs) = ωs n · · ·n ω1 n Mt n x1 n · · ·n xr.

13 / 52



+ Summary

(i) Classical Matrix Theory is used for Matrices and
Vectors.

(ii) STP Theory can be used for Hypermatrices.
(iii) The multi-linear mapping over Hypermatrices can

be realized by STP as:

STPµMH n MH → MH

Hypermatrix→ Matrix MH

⇓

Figure 2: Using STP For Hypermatrices
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III. Matrix Expression of Hypermatrix
+ Set Point of View for Hypermatrix

A hypermatrix consists of two ingredients:
(i) a set of data

DA := {ai1,··· ,id | is ∈ [1, ns], s ∈ [1, d]}; (3)

(ii) an ordered set of indexes.

r := {r1, r2, · · · , rd}.

Definition 3.1
Given a hypermatrix A = [ar1,r2,··· ,rd ]. For each partition

r = {r1, r2, · · · , rd} = (ri1 , ri2 , · · · , rip)
∪{rj1 , rj2 , · · · , rjq} := r1 ∪ r2,

(4)

there is a matrix expression of A, denoted by
15 / 52



Definition 3.1(cont’d)

Mr1×r2
A := Mr1

A ∈ Fs×t, (5)

where s =
∏p

k=1 nik , t =
∏q

k=1 njk . Moreover, the
elements in Mr1×r2

A are {ar1,r2,··· ,rd}, which are ar-
ranged by ID(r1; nri1

, nri2
, · · · , nrip

) for rows, and by
ID(r2; nrj1

, nrj2
, · · · , nrjq

) for columns.
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Example 3.2
Given A = [ai1,i2,i3 ] ∈ F2×3×2. Then
(i)

M∅A = [a111, a112, a121, a122, a131, a132,
a211, a212, a221, a222, a231, a232].

(ii)

M(1)
A =

[
a111 a112 a121 a122 a131 a132

a211 a212 a221 a222 a231 a232

]
;

M(2)
A =

a111 a112 a211 a212

a121 a122 a221 a222

a131 a132 a231 a232

 ; etc.
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Example 3.2(cont’d)
(iii)

M(1,2)
A =


a111 a112

a121 a122

a131 a132

a211 a212

a221 a222

a231 a232

 ; etc.

M(1,3)
A =


a111 a121 a131

a112 a122 a132

a211 a221 a231

a212 a222 a232

 ; etc.

(iv)
M(1,2,3)

A =
(
M∅A
)T
.
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Definition 3.3
(i)

VA := M∅×r
A

is called the (row) vector expression of hypermatrix A.
(ii)

MA := M{1}×r\{1}
A

is called the matrix-1 expression of hypermatrix A.
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+ Hypervectors

Definition 3.4
Let xi ∈ Fni, i ∈ [1, d]. Then

x := nd
i=1xi (6)

is called a hypervector of order d.

The set of hypervectors is denoted by

Fn1n···nnd := {x | x is obtaied by (6)}.

Note that the components of x can be expressed as

Dx :=
{

xi1,··· ,id = xi1
1 xi2

2 · · · x
id
d | ij ∈ [1, nj], j ∈ [1, d]

}
,

where xir
r is the ir component of xr.
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It is clear that Dx (or briefly hypervector x) is a hypermatrix.

Proposition 3.5

Fn1n···nnd ⊂ Fn1×···×nd (7)

is a subset of hypermatrices.

Remark 3.6
Since the set of hypervectors Fn1n···nnd contains a set of
basis of the set of hypermatrices Fn1×···×nd , any multi-linear
mapping over Fn1×···×nd is uniquely determined by its re-
striction on the set of hypervectors Fn1n···nnd .
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Definition 3.7
Assume V ∈ (Fn)s is an s dimensional vector subspace of
the n dimensional vector space on F.
(i) A hypervector x = nt

i=1xi with xi ∈ V is said to be a
hypervector over V, denoted by x ∈ V t.

(ii) If x = nt
i=1xi ∈ V t and

rank[x1, · · · , xt] = dim(V) (= s),

x is said to be of full rank.
(iii) If x = nt

i=1xi ∈ V t is of full rank and {xi1 , · · · , xis} ⊂
{x1, · · · , xt} is the first set of basis of V searching from
left, it is called the first basis subset.
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IV. σ-transpose of Hypermatrices

+ Permutation Group

Definition 4.1
The symmetric group of order n, denoted by Sn, is the set
of permutations of n objects. The product over Sn is the
compounded permutations.

Example 4.2
Consider S3.
(i) σ ∈ S3 can be expressed by

σ : [1, 2, 3]→ [2, 1, 3]; or
[

1 2 3
2 1 3

]
; or (1, 2)

.
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Example 4.2(cont’d)
(ii) µ : [1, 2, 3]→ [3, 1, 2] ∈ S3. Then

µ ◦ σ = [1, 2, 3]
σ−→ [2, 1, 3]

µ−→ [1, 3, 2].

That is,
µ ◦ σ = (2, 3).

(iii)
σ−1 = (2, 1); µ−1 = (1, 2, 3).

Remark 4.3
Each σ ∈ Sn can be expressed as a product of swaps§say,

(1, 2, 3) = (1, 2)(2, 3).

If σ can be expressed as a product of even swaps, then
sign(σ) = 1; otherwise, sign(σ) = −1. The expression
is not unique, but the odevity (odd and even) remain un-
changed. 24 / 52



Definition 4.4
(i) Consider a d-hypermatrix A = [aj1,j2,··· ,jd ] ∈ Fn1×n2×···×nd ,

and assume σ ∈ Sd. The

Aσ :=
[
ajσ(1)···jσ(d)

]
∈ Fnσ(1)×···×nσ(d) . (8)

(ii) If a d-hypercubic A ∈ F

d︷ ︸︸ ︷
n× · · · × n satisfies

Aσ = A, ∀σ ∈ Sd,

then A is said to be a symmetric d-heypercubic.

(iii) A d-hypercubic A ∈ F

d︷ ︸︸ ︷
n× · · · × n is said to be skew-

symmetric if

Aσ = sign(σ)A, ∀σ ∈ Sd.
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Proposition 4.5
A d = 2 hypercubic A ∈ Fn×n is (skew-)symmetric, if and
only if, MA is (skew-)symmetric.

Proposition 4.6
Let A ∈ Fn1×···×nd and r ⊂ d =< d >. Then[

Mr×(d\r)
A

]T
= M(d\r)×r

A . (9)
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+ Permutation Matrix

Algorithm 4.7

Let n =
∏d

i=1 ni, ni ≥ 2, σ ∈ Sn. A logical matrix Wσ
[n1,n2,··· ,nd]

∈
Ln×n, called a σ-permutation matrix, is constructed as fol-
lows:

Step 1: Define

D = Dσ
[n1,n2,··· ,nd]

:=
{
δj1

nσ(1)
δj2

nσ(2)
· · · δjd

nσ(d)

∣∣∣
ji ∈ [1, nσ(i)], i = 1, 2, · · · , d

}
.

Exampl 4.8
Assume d = 3; n1 = 2, n2 = 3, n3 = 5. σ = (1, 2, 3). We
have

σ(1) = 2, σ(2) = 3, σ(3) = 1.

nσ1 = 3, nσ2 = 5, nσ3 = 2.

Dσ
[2,3,5] =

[
δj1

3 δ
j2
5 δ

j3
2 | j1 ∈ [1, 3], j2 ∈ [1, 5], j3 ∈ [1, 2]

]
.
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Algorithm 4.7(cont’d)
Step 2: Arrange {σ(i) | i ∈ [1, d]} into an increasing
sequence as

1 = σ(i1) < σ(i2) < · · · < σ(id) = d.

That is,
ij = σ−1(j), j ∈ [1, d].

Exampl 4.8 (cont’d)

1 = σ(3) < σ(1) < σ(2) = 3.

Hence,
i1 = 3, i2 = 2, i3 = 2.
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Algorithm 4.7(cont’d)
Step 3:
Set an index order as

IDσ := ID
(
ji1 , ji2 , · · · , jid ; kσ(i1), kσ(i2), · · · , kσ(id)

)
= ID

(
jσ−1(1), jσ−1(2), · · · , jσ−1(d); k1, k2, · · · , kd

)
.

Exampl 4.8 (cont’d)

IDσ = ID (j3, j1, j2 | k1, k2, k3)

29 / 52



Algorithm 4.7(cont’d)
Step 4:

Wσ
[n1,n2,··· ,nd]

:=
[

dj1
nσ(1)

dj2
nσ(2)
· · · djd

nσ(d)

∣∣∣
arranged by the order of IDσ] .

(10)

Exampl 4.8 (cont’d)

Wσ =
{
δj1

3 δ
j2
5 δ

j3
2 | j1 ∈ [1, 3], j2 ∈ [1, 5], j3 ∈ [1, 2]

}
=
{
δ1

3δ
1
5δ

1
2, δ

1
3δ

2
5δ

1
2, · · · , δ1

3δ
5
5δ

1
2,

δ1
3δ

1
5δ

2
2, δ

1
3δ

2
5δ

2
2, · · · , δ1

3δ
5
5δ

2
2,

δ2
3δ

1
5δ

1
2, δ

2
3δ

2
5δ

1
2, · · · , δ2

3δ
5
5δ

1
2,

δ2
3δ

1
5δ

2
2, δ

2
3δ

2
5δ

2
2, · · · , δ2

3δ
5
5δ

2
2,

δ3
3δ

1
5δ

1
2, δ

3
3δ

2
5δ

1
2, · · · , δ3

3δ
5
5δ

1
2,

δ3
3δ

1
5δ

2
2, δ

3
3δ

2
5δ

2
2, · · · , δ3

3δ
5
5δ

2
2

}
= δ30[1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23, 25, 27,

29, 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 26, 28, 30].
30 / 52



Example 4.8
Consider d = 3, n1 = 2, n2 = 3, and n3 = 5. We construct
Wσ := Wσ

[2,3,5].
(1) σ1 = id (i.e., [1, 2, 3]→ [1, 2, 3]): We have

Wσ1 = I30.

(2) σ2 = (2, 3) (i.e., [1, 2, 3]→ [1, 3, 2]): Then

D = {δj1
2 δ

j2
5 δ

j3
3 | j1 ∈ [1, 2], j2 ∈ [1, 5], j3 ∈ [1, 3]}

Wσ2 =
[
δ1

2δ
1
5δ

1
3, δ

1
2δ

2
5δ

1
3, δ

1
2δ

3
5δ

1
3, δ

1
2δ

4
5δ

1
3, δ

1
2δ

5
5δ

1
3,

δ1
2δ

1
5δ

2
3, δ

1
2δ

2
5δ

2
3, δ

1
2δ

3
5δ

2
3, δ

1
2δ

4
5δ

2
3, δ

1
2δ

5
5δ

2
3,

δ1
2δ

1
5δ

3
3, δ

1
2δ

2
5δ

3
3, δ

1
2δ

3
5δ

3
3, δ

1
2δ

4
5δ

3
3, δ

1
2δ

5
5δ

3
3,

δ2
2δ

1
5δ

1
3, δ

2
2δ

2
5δ

1
3, δ

2
2δ

3
5δ

1
3, δ

2
2δ

4
5δ

1
3, δ

2
2δ

5
5δ

1
3,

δ2
2δ

1
5δ

2
3, δ

2
2δ

2
5δ

2
3, δ

2
2δ

3
5δ

2
3, δ

2
2δ

4
5δ

2
3, δ

2
2δ

5
5δ

2
3,

δ2
2δ

1
5δ

3
3, δ

2
2δ

2
5δ

3
3, δ

2
2δ

3
5δ

3
3, δ

2
2δ

4
5δ

3
3, δ

2
2δ

5
5δ

3
3

]
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Example 4.8(cont’d)

Wσ2 = δ30[1, 4, 7, 10, 13, 2, 5, 8, 11, 14, 3, 6, 9, 12, 15,
16, 19, 22, 25, 28, 17, 20, 23, 26, 29, 18, 21, 24, 27, 30].

(3) σ3 = (1, 2) (i.e., [1, 2, 3]→ [2, 1, 3]):
Similarly, we have

D = {δj1
3 δ

j2
2 δ

j3
5 | j1 ∈ [1, 3], j2 ∈ [1, 2], j3 ∈ [1, 5]}

Wσ3 =
[
δ1

3δ
1
2δ

1
5, δ

1
3δ

1
2δ

2
5, · · · , δ2

3δ
1
2δ

1
5,

· · · , d2
3δ

1
2δ

5
5, · · · , δ3

3δ
2
2δ

5
5

]
= δ30[1, 2, 3, 4, 5, 11, 12, 13, 14, 15, 21, 22, 23, 24,

25, 6, 7, 8, 9, 10, 16, 17, 18, 19, 20, 26, 27, 28, 29, 30].
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Example 4.8(cont’d)
(4) σ4 = (1, 2, 3) (i.e., [1, 2, 3]→ [2, 3, 1]): We have

Wσ4 =
[
δ1

3δ
1
5δ

1
2, · · · , δ3

3δ
5
5δ

2
2

]
= δ30[1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23, 25, 27,

29, 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 26, 28, 30].

(5) σ5 = (1, 3, 2) (i.e., [1, 2, 3]→ [3, 1, 2]): Then

Wσ5 =
[
δ1

5δ
1
2δ

1
3, · · · , δ5

5δ
2
2δ

3
3

]
= δ30[1, 7, 13, 19, 25, 2, 8, 14, 20, 26, 3, 9, 15, 21, 27

4, 10, 16, 22, 28, 5, 11, 17, 23, 29, 6, 12, 18, 24, 30].

(6) σ6 = (1, 3) (i.e., [1, 2, 3]→ [3, 2, 1]): Then

Wσ6 =
[
δ1

5δ
1
3δ

1
2, · · · , δ5

5δ
3
3δ

2
2

]
= δ30[1, 7, 13, 19, 25, 3, 9, 15, 21, 27, 5, 11, 17, 23,

29, 2, 8, 14, 20, 26, 4, 10, 16, 22, 28, 6, 12, 18, 24, 30].
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Proposition 4.9
(i) [

Wσ
[n1,··· ,nd]

]T
=
[
Wσ

[n1,··· ,nd]

]−1
= Wσ−1

[n1,··· ,nd]
. (11)

(ii) Let σ, µ ∈ Sd. Then

Wσ
[n1,n2,··· ,nd]

Wµ
[n1,n2,··· ,nd]

= Wσ◦µ
[n1,n2,··· ,nd]

. (12)

Proposition 4.10
Assume xi ∈ Fni, i ∈< d >, σ ∈ Sd. Then

nd
i=1 xσ(i) = Wσ

[n1,n2,··· ,nd]
nd

i=1 xi. (13)

Corollary 3.11
Let A ∈ Fn1×···×nd be a hypermatrix of order d. Then

VAσ = VA
[
Wσ

[n1,··· ,nd]

]T
= VAWσ−1

[n1,··· ,nd]
. (14)
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+ Conversion of Matrix Expressions

Definition 4.12
(i) Let A = [ai,j] ∈ Fm×n be a matrix. Then

Vr(A) := [a1,1, a1,2, · · · , a1,n, a2,1, · · · , am,n] (15)

is called the row stacking form of A;

Vc(A) := [a1,1, a2,1, · · · , am,1, a1,2, · · · , am,n] (16)

is called the column stacking form of A.
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Definition 4.12(cont’d)
(ii) Let x ∈ Fn and s|n. Say, n = st. Then

Vs
r(x) :=


x1 x2 · · · xs

xs+1 xs+2 · · · x2s
...

x(t−1)s+1 x(t−1)s+2 · · · xts

 (17)

Vs
c(x) :=


x1 xs+1 · · · x(t−1)s+1

x2 xs+2 · · · x(t−1)s+2
...
xs x2s · · · xts

 (18)
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Definition 4.12(cont’d)
(iii) Let A ∈ Fm×n and s|(mn). Then

Vs
r(A) := Vs

r (Vr(A)) (19)

is called the s-row stacking form.

Vs
c(A) := Vs

c (Vc(A)) (20)

is called the s-column stacking form.

Proposition 4.13
Let A ∈ Fm×n, X ∈ Fn×q, and Y ∈ Fp×m. Then

Vr(AX) = A n Vr(X), (21)

Vc(YA) = AT n Vc(Y). (22)
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Denote by

δI
n := Vr(In) = Vc(In) = [(δ1

n)T , (δ2
n)T , · · · , (δn

n)T ]T .

Proposition 4.14
Let A ∈ Fm×n. Then

Vr(A) = A n δI
n. (23)

Vc(A) = AT n δI
m. (24)

Conversely,

A = Vn
r (Vr(A)) = Vm

c (Vc(A)). (25)
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Proposition 4.15
Given A = [ai1,··· ,id ] ∈ Fn1×···×nd , ir = (i1, · · · , ir) ⊂ d =< d >,
and

σir : d→ (ir,d\ir), nir =
r∏

s=1

nis , nd\ir =
∏

ij∈d\ir

nij .

Then
(i) (Vector Form to Matrix Form:)

Mir×(d\ir)
A = Vnd\ir

r

(
VAW

σ−1
ir

[n1,··· ,nd]

)
. (26)

(ii) (Matrix Form to Vector Form:)

VA =
(

Mir×(d\ir)
A n δI

nd\ir

)T
Wσir

[n1,··· ,nd]
. (27)
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Corollary 4.16
Let ir, σir be as in Proposition 4.15, and js = (j1, · · · , js) and
σjs : d→ (js,d\js). Then

Mjs×(d\js)
A = Vnd\js

r

[(
Mir×(d\ir)

A n δI
d\ir

)T

×Wσir
[n1,··· ,nd]

W
σ−1

js
[n1,··· ,nd]

]
.

(28)
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V. STP of Hypermatrices
Definition 5.1
Let A ∈ Fm1×s×n1 and B ∈ Fm2×s×n2. The M-1 expressions of
A and B are

MA = [A1,A2, · · · ,As],
MB = [B1,B2, · · · ,Bs],

where Ai ∈ Mm1×n1, Bi ∈ Mm2×n2, i ∈ [1, s]. The STP of A
and B, denoted by C = A n B is defined by

MC := [A1 n B1,A2 n B2, · · · ,As n Bs]. (29)

Denote by

F∞×s×∞ :=
∞⋃

m=1

∞⋃
n=1

Fm×s×n.

Then
n : F∞×s×∞ × F∞×s×∞ → F∞×s×∞.

41 / 52



+ DK-STP of Matrices

Definition 5.2
Let A ∈Mm×n and B ∈Mp×q, t = lcm(n, p). The DK-STP of
A and B, denoted by A

n

B ∈Mm×q, is defined as follows.

A

n

B :=
(
A⊗ 1T

t/n

) (
B⊗ 1t/p

)
. (30)

Remark 5.3
(i) When n = p,

A

n
B = AB.

(ii) If A,B ∈Mm×n, then A
n

B ∈Mm×n.

D. Cheng, From DK-STP to Non-square General Lin-
ear Algebra and General Linear Group, (preprint:
http:arxiv.org/abs/2305.19794v2), 2023.
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Remark 5.3(cont’d)
(iii) It is MM-, MV-, and VV- STP.
(iv) (Mm×n,+,

n

) is a ring.

Proposition 5.4
Let A ∈Mm×n and B ∈Mp×q, t = lcm(n, p).

A

n

B = A
(

In ⊗ 1T
t/n

) (
Ip ⊗ 1t/p

)
B

:= AΨn×pB,
(31)

where
Ψn×p =

(
In ⊗ 1T

t/n

) (
Ip ⊗ 1t/p

)
∈Mn×p

is called the bridge matrix of dimension n× p.
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Definition 5.5
Assume A ∈ Mm×n. Consider A : R∞ → R∞ by x 7→ A

n
x.

Then Rm ⊂ R∞ is an invariant subspace.
Denote by ΠA the restriction of A|Rm = ΠA. That is

A

n

x = ΠAx, ∀x ∈ Rm. (32)

Proposition 5.6

ΠA = A
n

Im = AΨn×m. (33)
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+ Generalized Cayley-Hamilton Theorem

Definition 5.7
(i)

A<k> := A

n · · · n A︸ ︷︷ ︸
k

. (34)

(ii) Let A ∈ Mm×n and A|Rm = ΠA. The characteristic poly-
nomial of ΠA is called the characteristic polynomial of
A.

Theorem 5.8
Let A ∈ Mm×n and A|Rm = ΠA. Denote by p(x) = xm +
pm−1xm−1 + · · · + p0 the characteristic polynomial of Π(A).
Then

A<m+1> + pr−1A<m> + · · ·+ p0A = 0. (35)
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Definition 5.9
ConsiderMm×n, a Lie bracket overMm×n, defined by usingn

, is

[A,B] n := A

n

B− B

n

A, A,B ∈Mm×n. (36)

Proposition 5.10
(i) Mm×n with Lie bracket defined by (36) is a Lie algebra,

denoted by gl(m× n,F).
(ii) There exists the corresponding Lie group, denoted by

GL(m× n,F), which has gl(m× n,F) as its Lie algebra.
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+ DK-STP of Hypermatrices

Definition 5.11
Let A,B ∈ F∞×s×∞ with M-1 expressions of A and B as

MA = [A1,A2, · · · ,As],
MB = [B1,B2, · · · ,Bs].

The DK-STP of A and B, denoted by C = A

n

B, is defined
by

MC := [A1

n
B1,A2

n

B2, · · · ,As

n

Bs]. (37)
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Definition 5.2
Let A ∈ Fm×s×n with M-1 expressions of A as MA =
[A1,A2, · · · ,As].
(i)

A<k> := A

n · · · n A︸ ︷︷ ︸
k

.

(ii) Let pi(x) be the characteristic function of Ai, i ∈ [1, s].
p(x) :=

∏s
i=1 pi(x) is the characteristic function of A.

+ Generalized Cayley-Hamilton Theorem for Hypermatrices

Theorem 5.12
Let A ∈ Fm×s×n with its characteristic function p(x) = xµ +
pµ−1xµ−1 + · · ·+ p0. Then

A<µ+1> + pµ−1A<µ> + · · ·+ p0A = 0. (38)
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Definition 5.13
Consider Fm×s×n, a Lie bracket over Fm×s×n, defined by us-
ing

n

, is

[A,B] n := A

n

B− B

n

A, A,B ∈ Fm×s×n. (39)

Proposition 5.14
(i) Fm×s×n with Lie bracket defined by (39) is a Lie algebra,

denoted by gl(m× s× n,F).
(ii) There exists the corresponding Lie group, denoted by

GL(m × s × n,F), which has gl(m × s × n,F) as its Lie
algebra.
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VI. Conclusion

(i) Classical Matrix Theory is a dimension-restricted ma-
trix theory.
STP Theory is a dimension-free matrix theory.

(ii) Classical Matrix Theory is used for matrices and vec-
tors.
STP Theory is used for hypermatrices.

Hypermatrix is a wide field for STP to demonstrate her
ability!
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Thank you for your attention!

Question?
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