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FEREMIRIIIA : REBHFRUFKE (A.Cayley) CRETFEHE)

BISEAE1855F K R —RIIFARIEFFIBICICE D, 53T XTIEMN—LLEN, WE
MR, THEME. BAUNENE. FEMEROR. JEREROTRAR. AEMGROLS. SEEAEME. XIRRAENE
%, HMEBTATHRNEX T HMERBFHER RAEHER . JI3EMN TIEEE TREMILHE
A, Eit—RARtEEMEELHEIEA.

FEEEm RGN PENA

EZEFRLETHFX K FEKatzfEEEZ HI5H: The idea of a matrix has a long history,
dated at least from its use by Chinese scholars of the Han period for solving systems
of linear equations.

FEERBEEN: PEHNYF

REFECrilly 122 ’ATT:EGZOOE, hEHFRER T HFET.

@ V.J. Katz, A History of mathematics, Brief Version, Addison-Wesley, New York,
2004.

@ T. Crilly, 50 Mathematlcal Ideas You Really Need to Know, E1iti%, “4RAAIAEN
RI50M#EEIR", ARBBER HER4L, L3R, 2012
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JURSERE TRAR A = B
oeo

FEREARAETRIUE X R MR

iﬁA = (al_}) € ]\/[rnxvu B = (sz) S ]\/{anyIFf)\(

AB = (¢ij) € Mmxq (1)

iz%cij :Z?zlaikbkj! Z:1a27m’]:1?27q
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JURSERE TRAR A = B

[e]e] J

SRR TR E X R R
K111
WA, B, CREYERE, a,be R, WA
Q #EE
(AB)C = A(BO).
Q NEE
A(aB +bC) = aAB + bAC,
(aA+bB)C = aAC + bBC.
o

(AB)T = BT AT,
0 :LQA,B € M7L><nil’]m—i%1 )”JJ
(AB)"'=pB71a 1

Q ’A, B € Mpxy,, M
det(AB) = det(A) det(B).
Q %A, B € Mpxn,M
tr(AB) = tr(BA).

o
rank(AB) < min{rank(A), rank(B)}.
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JURSERE TRFR A =
0000

#5fKroneckerfRE X B R

ENX1.2.1

WA = (ai;) € Mmxn, B= (bi;) € Mpxq, MASBHIKroneckerflE X K :

anB a12B ... ainB
a1 B a22B anB

A®R B = . . . € Mmpan~ (2)
amlB asz e amnB

%

F‘JJ
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JURSERE TRFR A =
0000

#5fKroneckerfRE X B R

HR1.2.1
A, B, CREHER, a,bc R, MH
Q #AE
(A B)®@C=A® (BRQC).
Q HiLE
A® (aB+bC) =a(A® B)+b(A® C),
(@A+bB)®C =a(A®C)+bB®C).
(3]

(A B)T = AT @ BT.

Q %A, B, W
(A@B)'=A"'gB L

Q |A € Myxm, B € Mpxn, M
det(A ® B) = det(A)" det(B)™.
0 iﬁA (S Mm><'m,aB € Manx )ﬂl]
tr(A® B) = tr(A)tr(B).
o

rank(A ® B) = rank(A)rank(B).
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JURSERE TRFR A =
oooe

#5fKroneckerfRE X B R

MRR1.2.2
WA E Myxn, BE Mpxq,C € Myuxr,D € Myxs, N

(A® B)(C ® D) = (AC) ® (BD).

F5l i,
A®B=(A®I,)(I,® B).

A

T RR1.2.3
Q %X cR"Y c R"AFFIEE, N

V(XYY =Y ® X.

Q %A E€ Mimxp, B E€ Myxq,C € Myxn, M
V.(ABC) = (C" @ A)V.(B).
Ve BB TIR B — N IEE.

A
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JURSERE AR A =
oeo

4EREHadamardi R E X 514 &R

ENX1.3.1

WA= (ai;), B = (bij) € Mimxn, MASBKIHadamardf2E X A :

F‘JJ
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JURSERE AR A =
ooe

$5BEHadamardiRE X 514 &
M R1.3.1
A, B,CHEHIER, a,be R, NAB
Q Wi
A®B=Bo A.
Q &4t
(AOB)OC=A0O(BOCQO).
Q N’
(@aA+bB)OC =a(AOC)+bBoC).
(%)

(Ao B)T = AT 0 BT.
Q ®A, B € M, 2Xt#RE, A >0,B >0, M
det(A ® B) > det(A) det(B).

A

4 R1.3.2
A, B € M, ZX#RiE,

e FEA>0,B>0 MA®B>0;

e HEA>0,B>0, MAG®B >0,
XEBA> (>)0 RNEMFAFIEE(EE).

\
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JURSERE AR A =

O@000
4EF5 Khatri-RaofAE S 51 R

EN1.4.1
iﬁn7m7p>Q7ni>mj7pi7qj7 (Z =1-- 'ij =1 S)i’g%IE?gﬁ, Ejﬁ[i

T S s s
i=1 =1 i=1 j=1

A= (A’L]) € Man7B = (sz) € Mqu%ﬁi;&;Elgia /H\:EPAZ] S Mmixnj,
Bij € MPiX‘Ij’El]

A Ar Ars Bin Bi2 -+ Bis
Az1 Aa Az Ba1 B2z -+ DBag
A'rl A'r2 A'rs B'rl B'r2 et Brs

E X 5B AFIBHIKhatri-RaoFR 4 :

AxB= (AU ® Bij) € Myxw, (4)

Hofu = S maps v = S5, gy
v
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JURSERE AR A =

00800
4EF5 Khatri-RaofAE S 51 R

f1.4.1
%

)

A=(Ar Ay A3) =

110 —1{-1 -2
14 ]

2{-1 1
34 -110:0
B=(Bi B Bs)=|01 210/,
24 1001
A*B:(A1®B1 As ® Bo A3®Bg)
34-110 0i0 0
01 2/1 —-1:0 0
|24 110 0i-1 -2
|68 —-2/0 0{0 0
02 4i-1 10 0
48 110 0i1 4
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JURSERE AR A =
00000

4B Khatri-RaofE X S5 R

¥1.4.1

Q@ HZr=s5=1MAxB=ARB;
GEm:p,n:q,rm:m2:-~~:mr:n1:n2:‘~:ns:1y
NMAxB=A06 B;
9 %A S ]\/[mxry Be Mnxr, A= (Al A2 AT)v
B=(B1 By -+ B, N
AxB=(A®B1 A®By -+ A, ®B);
Q REHANIERE, XIS AE, RIRLEREARE.
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JURSERE AR A =
0000e

4B Khatri-RaofE X S5 R

R1.4.1
0 glﬂ:l:é, : iﬁA € me’f‘y B e Mn><'ry C € Mpxr; I)-IJJ

(AxB)*xC =Ax(BxC).
o ﬁiﬁﬂﬁﬁ: iQ14,13 € Mpyxr, C € Myxr, a,beR, WU

Ax(aB+bC)=a(AxB)+bAx(C),
(aA+bB)«C =a(A*xC)+b(B=C).
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FERE Y BRE X
WX € Rixnp, ¥ € Ryu1, BoBHMptR, X = (X! X2 ... XP), ENIEHA
B WK ETA .
XxY =3 X'y € Rixn. (5)
i=1

SEREY KB
0®00

ENXN2.1.2
WA E Mpmxn, BE Mpxq, tAnFIpMIR/NAEH, EXIERATIB FIHKENA

| A

AxB=(A®I;n)(B®I1/p) € Mimt/n)x(qt/p)- (6)

| A

¥2.1.1

Ln=p, MBHAX B=AB;
gn=rp, 1BA>r B, WHAX B=A(BQ®I.);
Zrn=p, 1BA =<, B, WA B=(A®I)B.

B

Cheng D Z. Semi-tensor product of matrices and its application to Morgan’ s
problem. Science In China (Series F), Vol. 44(3): 195-212, 2001.

Cheng D Z, Qi H, Li Z. Analysis and Control of Boolean Networks: A

Semi-tensor Product Approach. London: Springer, 2011. 2 /60



SEREY KB
00®0

FERE B X

LgEX=(01 2 3

-1), Y = G) Ty

2)-1+(3 —1)-2=(7 0).

(1 2 1 1) G) (1 2 1 1) (:i) s s s
AxB=[(2 3 1 2) G) (2 3 1 2) (:f) —(4 7 5 -8
(3 2 1 0 (;) (3 2 1 0 (:f) v
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SEREY KB
080000

SRS BRI R
MR2.2.1
®A, B, CHIEHIERE, a,becR, WA
0 %A1
(AxB)x C=Ax (Bx ().
Q N
Ax (aB+bC) =a(Ax B)+b(Ax C),
(aA+bB)x C =a(Ax C)+b(Bx O).
o

(Ax B)T =BT x AT,
Q XA, BRI, M
(AxB) '=B'x A
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SEREY KB
00®000

JEREA KB R

® A5 BHRAFE N
O Ax B 5 Bx A BEEMNEHERK;
Q

tr(A x B) =tr(B x A)
QO MR AFBTAE M Ax B~ Bx A, “~7 FRiERERENL;

QO MR A5 BHRE=RA (T=A. MNAMKNKIENKE) B4 AxBHE
E=f (FT=A. tAMEIERZRE);
Q ®A € Mimxm, B € Muxn, tAMMnMRNAER, 2

det(A x B) = [det(A)]" ™ [det(B)]"/™.

% 52.2.3 @EMNFKERSHKERATUAEEEL
¥ X e R™, Y € R* AWAMF(IT)=E, M

XxY=XQ®Y.
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SEREY KB
000800

JEREA KB R

SIN—NMES: ] A € Mumxn, BE€ Mpxq, EX A5 B HLLHIA

A:B%2n: p.
ENX2.2.1
W A:B=n:p 7T
All A12 L. All Bll B12 . Blt
A21 A22 L A2l BQl 322 . A2t
A= . , B=| . (7)
A.Sl ASQ L Asl B‘ll Bl2 . Blt

FRA—MEZ5E (proper division), 2058

A BY =p:p, i=1,2,---,s j=1,2,--- ¢t
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SEREY KB
000000

JEREA KB R

EFE2.2.1

WA B=np, SR (7) A—MESSE, WA B = (C), &
O = T AT o BN,

#ig2.2.1

R (7) A KFUGS, B AV, j = 1, 1 BOFIEES, B RITHS,
B BY,i= 1, | M{THORE, MZSER—R %58 Bt SRTARMSL. |

|
|| \

iﬁ A S men, B S Mpxqv )I-IJJ

Al><B::(C’ij|i:1,--~,m;j:1,~~~,q)7 (8)

i
]

C" = Row;(A) x Col;(B).
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SEREY KB
00000@

JEREA KB R

$12.2.1 (AREREESEBR B
®X,Y,Z W c RPEREFEE, HEXYTZWT. BRETRML

XYY (2w Ty = x(YT"2) W' = (YT 2)(XWT) € Mpxn.

HRFRGEEENE
T2y xwhy =y"(zxyw".

(9)

(10)

4tz X FEFEMEFCEH RN ERN, ERAFKERVASLIFE RNA

TR
Y2y xwhH =vy"x (Zx X)x w".

(11)
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SEREY KB
0®00000

FEFE Kk AR Tt

wE2.3.1 (fh3eee)

iﬁA S ]\/['rnxnv
o BZ cR'A—ITME, MA X Z = Z x (I, ® A);
o BHZecR'A—FEE MZx A= (@A) x Z.
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SEREY KB
00®0000

FEFE Kk AR Tt
EX (m,n)-HEHAFEREINT:
Wimm) : = [In ® 630, In @ 65, -+, In @ 67|
= [0 X Oy e 00 X Gy O X Ot Ot < O

Im ® (00)7

In ® (67)"

Hehs,, Jamk BAIFERERISE.

—
—_
—_

~—

—
—

Wiz,s) =

SO OO O

v
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FEFE Kk AR Tt

wE2.3.2 GROEFERIMER)
T
W[Z’L,n] = W[nm]a W[ ! W[ma”]'

m,n] =

0 i% X € R™, Y € R® AMmANFIEE, M

W[m,n]X XY =Y x X.
0 i X € R™, Y € R* AWmMNMTEE, N

X x YW[mﬂn] =Y x X.
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EEFIKEFPRS

[ 1. 4T T 4E 50 H0 PR 1

0 2. EiBAEMETREROHE

B 3. LR RIS ERRARE R
B 4 AR REENRE MRS

[ 5. B—ERA

33 /69



FEFE Kk AR Tt

BEFKEFR-HITR

O TEMFRIERRMTRITR T HBREMFIEN THHAIPRS, EHa0—

TRV AR RE SR AN — —ZERE ¥ 3K EF1 (Semi-Tensor Product of Matrices), 1%
G AERE RN BIE— AR IER. FIAREMEEKRERG A, RSN
BEFFSEL SR AT ERER R,

0 TEMFRABRLTLT TEETFMN, R EENFKERTESH AT

B

ENNKRIFROIFHNEFIAEZ— USRETIHERIANER, R
ERRRIE AT

Cheng D Z, Qi H S. A linear representation of dynamics of Boolean
networks[J]. IEEE Transactions on Automatic Control, 2010,
55(10):2251-2258.

RE. I EREM IR ERL: —MERRFT TR [J]. RIF@ER, 2011,
56(32): 2662-2663.
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ww FEREBRSTPHEE

Chapter 9: Semi-Tensor Product Approach

“This book gives a brief introduction to the semi-tensor product approach
that was proposed and developed by Daizhan Cheng and his colleagus, because
many studies have recently been done based on this approach.”

@ T. Akusu, Algorithms for Analysis, Inference, and Control of Boolean
Networks, World Scientific, Sigapore, 2018.

Appendix 2: Semi-Tensor Product

“The second one (appendix) sketches the important theory of Daizhan
Cheng.”

@ S.E. Vlad, Boolean Systems: Topics in Asynchronicity, Elsevier, London,
2023.
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IEEE Transactions on Systems, Man, and Cybernetics: Systems, 2022, 53(3): 1872-1881.

@ Li F F, Tang Y. Multi-sensor fusion Boolean Bayesian filtering for stochastic Boolean
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Transactions on Automatic Control, 2013, 58(7): 1853-1857.
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networks[J]. Automatica, 2013, 49(12): 3641-3645.
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11(13): 2040-2047.

Zhang K Z, Zhang L J. Controllability of probabilistic Boolean control networks with
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) B & &

Fornasini E, Valcher M.E. Recent developments in Boolean networks control, J. Control Dec.
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ENX3.1.1 (HFKER)
HEEMEMAEKERNENR T, MRFEGIERD LD, 75

AxB= (I, ®A) (I;), ® B).
EMAEMRENAFKER.
(i) Eth2REREEBIRAHET.
(i) EtHREERRN—BRER, HREEES PR
Eit, F—FhiEM A F K ERE AT LADEEN A FHKER.
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EX3.1.2 (FEFESETF)

MM KERNENRF, BANVBRGE{L, |k =1,2,--- } BAKERYE
B OB | k=1,2,---} RATEMEFT. ER—KGHE

{Tr € Mixr | k=1,2,---}

AT LAFRABMEVIERESE T, INRATEE X HRMERFFKERHE:
(i) ERIEMEZERAME
(i) EHEEAREDEE

FEN3.1.3: kBT REMERF BRI ER

B = {Tnln > 1} A—5EMHERT, A € Muxn, B € Mpxy. BBA, ASBETF
FrEIREME- AL IREFREXNT:

AxrB:=(A®Tyn)(B&Ty,), (12)
XBiHAn Spm/AER.

(3 12RE, SPfthr. SEREEK BN, H— HAEPESEMTE. R¥E
hR#t, JE5, 2020.
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= FhIERESR T

¢ 1
Jn = —1pxn,n = 1727"' .
n
° B
L,i=1, BHj=1,
(ay), -:{ ; ’
“J 0, Eftb.
° B
1,2=1, ) =n,
(Af).j_{ J
© 0, Eftb.

[0 1RRE, FEfp SEREKERNN, $— EAERESEMTE. NP
h4t, dE3T, 2020.
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EN32.1 GGEE-BEFKER)

BAE Mixn, X € Vi, thAn SkIRNAER. B4, AEX EHIERAHMENX
W

AXX == (A® I;n) (X ® 1y /p).

HANTRERE-FEEF K B P HIIEME R T, BAVEIRER LUE M AERE- B 4K E
RppyEERT.

A=) B 5k T

y=6":={6hn=1,2,---}.

y=6"={0n=1,2,---}.
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FEN3.2.2 GERE-EEFKERN—KRE)

BT A—FEMEFT, VA—EERT, A€ Muxn, 2 €R", ¢
BEH. Ba, AS2BIXTFIE5VHIFER-EEFKER(FHRA
1EX, BN

o ZAMV-STP:

=n S5r e
“MV-STP"), id

AXz = (A(X)Ft/p)(x@f\/t/r). (13)
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$E R[5 8 2 K B EAAE T4 B o 2
0 —MESHIEHERY AN R E AT
2(t+1) = A()Ra(t), ©(0) = a0,

(14)
A(t) € M, z(t) € V.
Q@ —MNMELERTEIMZ MRS W EN I T:
(t) = A(t)Ra(t), (0) = zo, (15)

A(t) e M, z(t) € V,

HAM =2 Mopsn 5V =, V.

m,n=1

@ Cheng D Z. From dimension-free matrix theory to cross-dimensional
dynamic systems, Elsevier, London, 2019.
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EN33.1 (FE-EERFKERE)
Wz € R™, y € R", t7AAn Smism/ &, MEFKERATEXAT:

x Ty = < X 1yym), (y X 1t/n)>7
XE, () BEREKZTER EREERTR

,0
o

¥4.3.1
B18- [5) 8 + 3K B TR A A SR E SUZHEBR R =28

R™ := G R"
n=1

LHRER, NMSEHBHREZES, R fA—MEKZEBRTNSE, #m
T*’]L_ﬂﬁum 1‘@
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ENX3.4.1 (REHAFERYHK EFDimensional-keeping STP)
WA € Mpxn, B € Mpxq. B4, ASBRREHBIFERFFIKEFNENIT:

AxB = (A@lf/n) (B®1,,,). (16)

XEBtAn Spim/INAER

| A

£3.4.1
(i) BEn=p MAxB=AB.
(i) EX Lk, ASBRREHMEFEEKENTHUOTANITE:
AX B := AV, «pB. (17)

Eq:l\ljnxp = (In ® 13;”) (Im ® 1t/p) S Mnxp*’]ﬁygn X pzﬁ*ﬁ%ﬁl‘&
(bridge matrix) .

(iii) FA, B € Mpmxn, MAR B € Muyxn.

[B)R%3.4.1

RYEHIIEIEFKERBHL2HFM? EXAMLNALE?
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EN3.4.2 (MBURERIEREEKEH)

WA € Mimxn, BE€ Mpxq, thn Splism/NAREEL
(i)

&= {én ERi |£1 =1, #0p,n € Z+}.
(i) ASBRIMIRERBIEEREF K EFR (Weighted DK-STP) EXIT:

Ax§B = (A®El,) (B@m,) = AVSB. (18)

sl = (10l ) (In @ m1yp) € Muxp B0 x ple RUFIERE.

| 5

3$3.4.2

(i) En=p MAx;B = AB.
(i) MRRAE BB K TR (R OB S BRI

[a]3%3.4.2

AR R BB K BRB M 2 MFMR? EXAMLSHEA?

@ D. Cheng, X. Zhang, Z. Ji, From STP to W-STP, CCC, 2024.

@ D. Cheng, X. Zhang, Z. Ji, C. Li, Observer-Based Realization of Control
Svetems |IFEE TAC under review 65 / 69
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FEX3.5.1: ThiEPEHKER

MEERERENA:
A% B := (A & Es/mxt/n) X (B ® ES/pXt/q) ’ (19)
izg, Euxu = ﬁluxv-

(i) Em=n=p=qB, AXB=AB.
(i) Ax BEBx ABEHERE, M =U,,, Munx EEGERERERLRE

Bl g3.5.1

e IKER S H UM IKERMBLL, BHARE?

@ D. Cheng, From DK-STP to Non-square General Linear Algebra and
General Linear Group, (preprint: http:arxiv.org/abs/2305.19794), 2023.
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EERMIERBER

https://m-stp.lcu.edu.cn/

http://Isc.amss.ac.cn/~dcheng/stp/STP.zip
http://lIsc.amss.ac.cn/~hsqi/soft/STP.zip

DR, FEMEFRERND, AR (WRKFHRA, HARATE: 2024587.
ERR, Frtht, FEMERKEBRMNE—, MRkt MFHAR, HARATE: 20206118,
KRR, FPHthE, JERFEREBRMNED, hhRtt: RFHAR, HAREE: 2022628.

BRE =KE, MILH, kF, BEEFERENHES, HiRit: BSEERE, BhRE,
20224E108.

BRR, L8R, EEFRERHICEN, iRt MFHARAE, HARRE: 2023434,

) &) &) @) @) (=)

R, DR, Wil RERE, KEF, EEERENHNER, Bt RFEHARME, HAR
|8): 20244E38.
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