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0 Motivation

B.Zhuetal Demand-side management for a class of sm:




@ Induce rural communities to switch from diesel power to grid power
@ Increase energy-efficiency & Protect environment
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Goal: Persuade users to switch to the grid power
Challenge:
@ The price of using grid power is "dynamic”.
@ The initial cost might be high before widely applied.
@ No user wants to be the first.

Strategy: A "networked game” between the supplier and the users.

@ Cooperate with a small number of users (controllers), and let
users to "persuade” other users

@ Model the process into a control system, where users’ actions
are system states

@ Networked game based on Semi-Tensor Product (STP)
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Contributions

@ The demand-side management is modeled into a control networked evolutionary game (NEG) in
the framework of semi-tensor product (STP).

@ Optimal control policy is introduced to optimize the transient and steady-state performance of the
control NEG.

@ A state feedback control is proposed to achieve the Nash equilibrium. It is effective in the presence
of model uncertainties.

@ A robust optimal control problem is formulated, and a solution algorithm is proposed to trade-off
robustness and transient performance.
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e Problem statement
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Preliminary

A normal finite game ¢ can be formulated by three parts:
@ the set of players: ¥ = {m,mp, ..., mp };
@ the strategy set for each player: Z; = {1, X, .., Xix; }, where i = 1,2, ..., p;

@ the cost function for each player: c;(x;,x_;), where x; € Z; is the strategy selected by player /, and
x_; denotes the strategies vector of other players except player .

The networked evolutionary game is composed by

@ a networked graph ¥;

@ a normal finite game 7 that can be played repeatedly;
@ an updating law M.
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Definition

The control networked evolutionary game is composed by
@ a networked graph ¢, = (2 U%,&), where {Z",% } is a partition of ¥;
@ a normal finite game J7;
@ an updating law I.

Example

A typical example of the updating law is Unconditional Imitation:

== 00 7 = mripg ey .

Definition
Nash equilibrium (NE), denoted by (x7, x5, ...,x;;), is a local optimal response for a normal finite game,
where no individual would gain by unilaterally changing its own strategy: ¢;(x;",x*;) < ¢i(x;, x*;).
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Definition

The semi-tensor product of two matrices A € R™ " and B € RP*9 can be defined by
Ax B2 (A® lp/n)(B® lp)p) € RUMO/Mx(a0/p), (1)

where o = lem(n, p) denotes the least common multiple of n and p; and ® denotes the Kronecker
product.

Definition

The fundamental vector 8/ € Z, = {8],---, 87} is defined as the ith column of the identity matrix /. p. It
can be further defined that o
Sall -, K] = (87,85, 4] @)

for more compact expressions.

Lemma

With equivalence i ~ &}, i=1,2,...,n, a logic function f : 2% — 9, can be rewritten by
f(X1,%0,...,Xk) = M xf‘:1 X;, where M is the structure matrix of logic function f.
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Lemma

For a logic dynamic system
X,'(t+1) = f,'(X,‘(f)7X,,'(f)) = Mﬁ |><’f7=1 Xi, = 1,...,n,

it can be rewritten in the form of
x(t+1) = Myx(t), (3)

where x(t) £ x1_, x;, and
M £ Myy % Mg - 5 My, (4)

Here, x denotes the Khatri-Rao product:
M % N £ [coly (M) x coly (N), - ,cols(M) x colg(N)],

where M € RP*$ and N € R9*®; and col;(M) denotes the ith column of matrix M. Moreover, the
controlled logic dynamic system

Xi(t+1) =fi(xi(t), x_i(t),u(t)) i=1,....n,

can be rewritten in the form of
x(t+1) = Lu(t)x(t). (5)
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For a logic dynamic system
x(t+1) = Myx(t),

6,’; is its fixed point, if and only if the diagonal element mj; of M; equals 1.

Lemma

For logic variable x € 9y, it satisfies

X2 =xXKxX=dyX, (6)

where
oy =/, (’2/'71 ® (IZ ® W2 Mr)) ’ 7

and W, j; is the swap matrix, and k = 2N.
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Problem statement

Consider a smart grid with N users and the network denoted by adjacent matrix <.
@ Let p;(t) denote the price paid by user i at time t.
@ x;(t) is defined as the state (strategy) of user i at time t.
@ Each user has the option of using either the grid power (x;(t) = &}) or the local diesel power
(xi(t) = 83).
@ The price of the diesel power is fixed at py, and the price of the grid power varies according to the
number of grid users:

Pg(t) = pg(Ng(1)), (8)
where Ny(t) denotes the number of grid users at time t.
@ The price paid by user i is given by

[ ), (D=8,
pin={ B0 0= % ©)
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@ The cost function of each user is defined by

e/ x-1(1) = pi(t) + & Pi0) - minpy (1)) (10)
<0

where o > 0 is a constant weight coefficient.

* Each user pursues the lowest price.

* Each user feels uncomfortable if it pays a higher price than those of its neighbors.

@ Each user would change its strategy to that of the neighbor with the lowest cost (Unconditional
Imitation)

X(t4+1) =% (1), ] = argmini(x(1). X (1))
@ The total cost at time t is defined by

(1)
N
C(t) = ;Pi(&

which is the sum of prices paid by all users.

(12)

B.Zhuetal Demand-side management for a class of smart grid by using STP



@ It is supposed that some of the users cooperate with the grid provider, such that other users can be
induced to switch to grid power.

@ The cooperative users are denoted as “controllers”:
U/(f):X/(t), ifiew, (13)

and their selection (of using grid or diesel power) can be actively assigned.
@ The controllers can be rewritten in a compact form:

U= Xjeq Uj, (14)

if there are more than one controller.
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@ One objective is to design a control algorithm, such that there exist an optimal NE for the networked
grid, and the optimal NE can be reached and maintained.

@ It is possible that some users may not report their selections honestly, and other users would be

misled. This situation is defined as “uncertainty”. Another objective is to find a robust control v,
such that the networked grid will still reach and maintain the optimal NE.
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e Controller Design
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Con

e Controller Design
@ Model transformation for controller design
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Model transformation

Define the state of the network:
x=wxN,x;, (15)

where x; € 9, denotes the choice of user i.
Based on the cost function c;(x), a comparison matrix can be defined by

C(X)é [CU(X)]NXN’ (16)
where the comparison functions are defined by

8, ifci(x) <g(x), orj¢ A,

¢j(x) :{ &, ifc(x) > g(x). "

The comparison functions ¢;(x) are logic functions, and their dynamic forms ¢;;(x) = Cjix can be
calculated by using diagrams of true values.
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The decision of user i with respect to one of its neighbors j can be described by
Xi(t+1) = Laj(ci)xi(t)x;(1), (18)
where

.. L) — 52[1717232]7 |'fC,/:5217
LdU(CU)_{ 52[17271,2]7 ifC,'j:ég./

or equivalently

Ld,']'(C,'j) :62[1 s 1 ,2,27 1 727 1 72:|C,']'(X) = LdC,'j(X)
:LdC,'jX.

The physical implication of (18) is that user i would adopt the strategy of its neighbor j if its cost is larger
than or equal to that of j; otherwise, it keeps its strategy.
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Define x,.Jr = x;(k+ 1) for short. The decision of user i with respect to all its neighbors can be calculated
by

X" = Lain-+ Laj-- Lot XiXq -+ X+ Xn, (20)
where j # i. Then, with the swap matrix, it holds that
Xt = (K/’AS)T]#N—/LMFN—/) (%3,,;&;’2/—1 ® W[zz]) X, (21)
where

Kj’i?)?j#N,iLdi,N—j =LygCinxLgCin—1x---LgCiy x
=LgCin (Ion ® LgCin—1) X?LgCin_oX -+ LgCi1x
=LgCin (v ® LgCiy_1Pn) XLgCiy_aX -+ - LgCiy x

=L4Cin [leiqu?&Nfi (/2N ® LdCiN—j¢N) X.
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Linear dynamics in STP framework

It then follows that

xt = Mx, (22)
where M; = Mjy Mjx®p, and
Mjs £ LyCin xji]f#,\,_, (lov ® LgCin_jPn) , (23)
Mo £ Iy ® <D<]':;117#,-/2jf1 ® VV[QQ]) . (24)
It then follows that
xt = Mx, (25)

where M=M1*M2*~~~*MN.

B.Zhuetal Demand-side management for a class of smart grid by using STP



Controlled linear dynamics in STP framework

Suppose that r of the N users are controllers:

Xi1 :U1,"‘,X,',:Ur,
and
s  N—r : A .
X7D<j21,)(j79uk)(/’ u7><l-:1u,.

It follows from (22) that

+_ r . . .
X,‘ - MI’(D(/':1 VV[Z’ZI']'*/]) ux, I;é Myl

and
xt = Lux,

where

L=M <></(:1 W[ZZ,I,,O ok My (x;:1

"

2,2’/”]) '
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Figure: Communication graph of the communities

Table: Prices of diesel power and grid power

N

user number 0 1 3 4
grid power price 8 7 7 65 75
diesel power price 72 72 72 72 7.2

Note: values in this table are not absolute prices; they are
assigned to reflect differences of prices in various scenarios.

For the linear dynamic game, the structural matrix is
calculated by

M= 66[1,1,1,1,1,1,1,2,1,1,1,1,1,1,9,16]. (31)
There are two NEs &g and 5], where all users have the

same choice of using grid power or diesel power. However,
the cost function is not optimal at both NEs.

Suppose that user 4 is cooperative. The structure matrix can
be calculated by
L=35[1,1,1,1,1,1,1,5,1,1,1,1,1,2,3,8], (32)

and the dynamics of the smart grid is given by x* = Lux.
There is an optimal NE where u= &}, and x = &¢.

B.Zhuetal
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e Controller Design

@ Open-loop optimal policy
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Open-loop optimal policy

An optimal policy can be proposed to
@ reach the optimal NE;
@ minimize the overall cost in transient process.

The cost function for optimization can be designed by J 2 ¥.[_, C(x(t), u(t)). The optimization can be
formulated by

U =arg mJn J (33)
s.t.
x(t+1) =Lu(t)x(t), (34)
u(t) =w ui(t), (35)
ui(t) €183 83, (36)
x(0) =xo, (37)
(38)

W
(2]

x(T) =xne+, (can be removed)

where the optimal solution U* = [u*(0),u*(1),...,u*(T)] is the optimal control policy.
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Theorem
Suppose that the following conditions are satisfied:
@ the optimal NE xng-+ is a global optimal point;
@ with certain control series [0(0),4(1),---,0(N)], the optimal NE xng- can be reached within finite
time t = N < T from initial states x(0) = xo.
Then, with sufficiently large control horizon T, the optimal control policy is capable of reaching the
optimal NE.

Proof. The result can be proved by contradiction. Assume that, with the control horizon T, the optimal
control fails to reach xpg-.

T N—1 T
J* =Z‘E)C(X*(t)7u*(f)) =Y, C(x*(0),u" (1) + Y, C(x*(1),u"(1)). (39)
t= t=0 t=N

where x*(t) is the corresponding optimal states under optimal control u*(t); and x*(t) # Xng: -
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Proof.(cont'd)
There exists at least another control series [(0),a(1),---,a(N),---,u(T)] such that xyg- is reached
and maintained. The corresponding value of cost function is given by

T N—-1 T
J= Z C(x(1).u(t)) = tZO C(x(1). u(t)) + Z’,VC()A((T)JA/(T))
— =
= Z C(X (T N)C(XNEMUNE*)-

where upg- is the corresponding control to maintain the optimal NE. It then follows that

N—1 N—1 T
J-J (Z C(x(1),u(1)) - Z C(X*(f),u*(lf))> + X;,V(C(XNEMUNE*)_C(X*(t)7U*(t)))>
t=

t=0

where TN ' C(X(1), 0(t)) — LN C(x*(1),u*(1)) is finite; and Y.y (C(xne-, une:) — C(X*(t),u*(1))) is
negative and decreases strictly as T increases.

Consequently, J — J* < 0 with sufficiently large T, indicating that O(t) is superior over u*(t), which
contradicts the assumption given at the beginning of this proof. O
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Implementation via Binary Neighborhood Field Optimization (BNFO)

Data: decision variable a;; objective variable & population size N:
problem dimension D; maximum generation G,,; learning
rate a; crossover probability Cr:
Result: the best solution in the final population
1 for i « ltoN do // Initialization
2 | Randomize the ith individual z,
s | Repair , if it violates the problem’s constraints; .
4 | Caleulate zs objective value 2, * ~
s end
G- 1 // main iteration I mas ol H
Target
7 while G < G, do g b = @ Initialization
& for i « 1toN do - —> L .
9 For each individual find the superior neighbor xc -« > °
inferior neighbor zw, ¢ with respect of Hamming dist - e ocation
// Location .
/] « —
10 ri(a) = rand; < o - e @ Mutation
i ra(a) = rands < a
12 vy = r1(a)&XOR(z6; 6, 7:6): - >
1 v = 1a(a)eXOR (20; ¢, 710, G); - — @ Crossover
14 v XOR(z: ¢, v1|v2); // Mutation - —>
15 for j « 1toD do // Crossover - - S H
. o v itrand(0,1) < Crorj = j, - e @ Selection
> PG wjee. otherwise < .
" end - e
15 Repair ug if it violates the problemy’s coustraints
wie il [(uia) < f(rg) e -
1 TG { e otheais - // Selection
4G Crwise I'd N
20 | end v
| Gear Obstacle
2 end

Algorithm 1: Pseudo-code of BNFO

Z. Wu, and T. Chow (2013). Binary neighbourhood field optimisation for unit commitment problems. IET Generation,
Transmission& Distribution, 7(3): 298-308.
Z. Wu, and T. Chow (2013). Neighborhood field for cooperative optimization. Soft Computing, 17(5): 819-834.
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e Controller Design

@ State Feedback Control via structure shaping
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State Feedback Control via structure shaping

The structure matrix of x™ = Lux can be shaped by “linear” feedback control
u=Gx
where the logic matrix G € .%Z,,,,n- is the control gain; and r denotes the number of controllers.
In detail, substituting the feedback control into the dynamics yields
xT =LGx? = LGdpy_,x (41)

The aim is to design G, such that
LGON_r = My, (42)

where My = Son—r[M4, -+, Mpn—r] € Lon-ron-r I8 the desired structural matrix.
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Denote G = 8xr[g1,92,--- ,Gon-r], Where g; € [1,2,3,...,2']. It can be calculated directly that
Gq’N—r :(G® Iszf)d’N—r = [62%1 ® IQN—r-, s 762931\,,, & /2N—r]¢N7r7 (43)
where ®p_, can be calculated by
Oy =S [l 1+A,1424, ... 22N, (44)

with A = 20701 ang 22(N-1) = 1 4 (2N~ _1)A.

o2N-r_1

The matrix Gép_, is actually the 1st, (14 A)th, (14+2A)th, --- columns of G® L, and it can be
written by

GON_r =S (g1 —1)2N T+ 1, (gonr — 1)2N " 42N (45)
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Denote L = Son-r [l1, b, -+, ln], where J; € [1,---,2N="]. It can be re-arranged into a stacked form:

h S T AV
IZN—r+1 /2N—r+2 l2,2N—r
L= 52N7, /2A2N*f+1 13,2,\,,, . (46)
/(2!_1 )2N—r+1 T /2N

@ Each 6;’,\/7, is the “block element” of the stacked matrix L.
@ The ith column of LG®y._, is the g;th element of the ith column of L.
@ The structural matrix LG®y_, of the closed-loop system can be shaped by assigning proper g;.

Theorem

The structural matrix of logic dynamic system x* = Lux can be shaped by feedback control u = Gx into

a desired structural matrix, if the columns of the desired structural matrix appear in the corresponding
columns of the stacked matrix L.
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Example

Consider the structure matrix L = dg[1,1,1,1,1,1,1,5,1,1,1,1,1,2,3,8] of the previous example. lts
stacked form is

1,1,1,1,1,1,1,5
"—58{ 1,1,1,1,1,2,3,8]' (o)
The feedback gain G = 6,[1,2,1,2,1,1,2,2] shapes the structural matrix into
LG®3 = 6g[1,1,1,1,1,1,3,8]. (48)

Example

The previous example can be shaped into the system with only one stable NE. The desired structure
matrix can be designed by
Md:88[1717171’1727375]7 (49)

and the control gain can be correspondingly designed by

G=&[1,1,1,1,1,2,2/1]. (50)
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Algorithm to calculate the control gain G

The design procedure of G can be summarized as follows:
@ Reuwrite the structural matrix L into its stacked form L;
@ Find the state (the block element) with the lowest cost in L (if such block element exists);

@ Find the possible transient states in L to satisfy the performance specifications, such that the state
with the lowest cost can be reached and maintained.

@ Design G to pick out the desired block elements in steps 2 and 3, such that the desired closed-loop
structural matrix My can be achieved, and the closed-loop system is capable of reaching and
maintaining the NE where the total cost is minimized.
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Consider the controlled logic system x* = Lux with uncertainties in its structural matrix L. The
uncertainties can be decoupled by the feedback control u = Gx, if there exists at least one block
element that is not uncertain in each column of the stacked matrix L.

In the previous example, suppose that user 1 reports fake information of its choice to its neighbors. The
fake information is X1 = 82[2,1]xy. Then the structural matrix can be calculated by

(51)

L=8[%,1,1,1,1,1,1,5,1,% 5%, 1,5,%,8], |-=58{ *’1’1’“’1’1’5]

1,%,%, %, 1 %%, 8
There exists at least one determined element in each column. The control gain can be designed by
G=&[2,1,1,1,2,1,1,1], (52)

such that the closed-loop structural matrix is LG$3 = ds[1,1,1,1,1,1,1,5], and (Sg is still an NE.
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e Controller Design

@ Robust Optimal Control
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Robust Optimal Control

The finite horizon optimal problem based on cost function

T=i
Jr(xo,u()) = c,Tx(T) + Z ¢ x u(t) x x(7), (53)
7=0
where

XELm=Sy, ueLm=%Ly, c:=[ ¢ | & | .. | cfy 1eRWM (54)

can be formulated by
ut(-) = argm(i?Jr(Xo,UC))? (85)

e

and solved by the following algorithm:
@ [Initialization] Setm(T) := ¢¢;
@ [Recursion] Fort=T —1,...,1,0, the jth entry of the vector m(t) is chosen using the recursive rule:

[m(8)];:= ie"ﬂifl\‘”]([ci]j"‘ [m(t+1)TL);. Ve [1,N]. (56)
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Lemma (Cont'd)

then
® J5(x0) := miny() Jr(X0, u(-)) = m(0)"x(0).
@ The optimal control input can be implemented by means of a time-varying state feedback law,
namely
u(t) = K(t)x(t)
where the state feedback matrix is

K =[8,"" 8,5 .. &,

and -
i°(,8) = arg min (61 + [m(t+1)TL]);

E. Fornasini and M. E. Valcher, “Optimal Control of Boolean Control Networks,” IEEE Transactions on Automatic Control, vol.
59, no. 5, pp. 1258—1270, May 2014, doi: 10.1109/TAC.2013.2294821.
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Theorem
Consider the optimization

J(t) = Ti Clu(t+1),x(t+1)), u'()= argm(i?J(f) (57)
7=0 u-

for BCN in case of uncertainties. If the (uncertain) stacked structure matrix has at least one determined
element in each of its column, then the optimization is feasible.

Proof. The object function in (57) can be converted into the form:
T-1
Jr(xo,u(-)) = efx(T)+ Y " xu(e) x x(1)
7=0

Two issues that need to be considered:
@ How to treat uncertainty

@ Since L appeared in the recursion in the solution process in Fornasini and Valcher’s Lemma, do we
have to modify this step?
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Proof.(cont’d)
1. How to incorporate the uncertainty into the solution framework of Fornasini and Valcher’s Lemma?

e Ineach column of L, suppose that the row index of the block elements that is not affected by
uncertainty can be denoted by o
i4,ig....,ifkj_ €l1,2,..,M, k<M. (58)

Using the structure reshaping, it can be seen that for each selectable M, in L, there exists a feedback
gain matrix G. These gain matrices can form a set:

T ={G:Col(G)=8), g€ i{,...,/fk'j,je 1,...N}. (59)

¢ Denote the state of the BCN at time t by x(t) = 85, s<{1,2,...,N}, and introduce feedback
control with gain from X: The control u is :

As={u=G85:Gex}. (60)
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Proof.(cont’d)

e There is a certain correlation between c in the object function and C
[cl; = C(3is. 3)). (61)
To avoid a certain transition, it needs to set some entries of ¢ to +. Thus, we can modify ¢ by:
[Cina(u)ls = +o°, U€E€ Ly—Ns, s€{1,..N}, (62)

where ind(u) denotes the row index which the element of is equal to 1 in u.
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Proof.(cont’d)

2. Since L appeared in the key step for the recursion in the solution process in Lemma 4.1, do we need
to modify this step?

e The key operation in recursion is:

[m(t)]; == ,.Erﬂi’r;/,]([c,-]ﬁ m(t+1)TL]);, Vje[1,N].
It follows that
([ei)j+ [m(t+1)TL]); = [e];+ [m(t+1)T Col(L;);], (63)

e It can be proved that whenever Col(L;); is uncertain, there is [c;]; = 4.

o Consequently, the optimization is not affected by the some uncertain value of Col(L;); and the
original L can still be used.
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Algorithm

For the robust optimal control problem in the previous theorem, suppose that the row index of the block
elements with uncertainty in each column of L is

7],?2...,?%61,2,...,/\/’, k<M, je{1,2,.,N}, (64)

@ [Modification] Group elements of the same column into a set W;, and then replace corresponding
items of the vector c in the original optimization problem:

[er]j=+oo,reV;, je{1,.N}; (65)

@ [Generalized recursion] Use Fornasini and Valcher’s Lemma 4.1 to solve the robust optimal problem
with the modified ¢ and the original L.
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o Simulation
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Simulation

@ Price of local diesel power: py =7.
@ Price of grid power:

Ny —4.8)2
pg(Ng) = % +6.6,

where N is the number of grid users.

Figure: Topological structure of the smart grid with ten users X/(t+ 1 ) — X/* (t)7 j* — arg ml/? C](X/(f),X,/(f))
J€N;

@ Updating rule: unconditional imitation

@ Users 7 and 10 are controllers u; and us.
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Open-loop optimal policy via BNFO

@ Open loop optimal policy with initial state x(0) = §2%.

6 T 69.2 T T T T T
55 B 69 -
68.8
5 1
k=] =
=Y g 686 -
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4 1
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35 ’ 68 —
3 67.8
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
Time Time
Figure: Number of users using the grid power in E.g. 1 Figure: The overall cost in E.g. 1
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State Feedback Control

@ State feedback control with initial state: x(0) = §229.
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Figure: Number of users using the grid power in E.g. 2 Figure: The overall cost in E.g. 2
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Robust Optimal Control

@ Robust Optimal control with initial state: x(0) = §229.

8 T T T T T T T T T T 705 T T T T T T
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2 6 69.5
2 5
bl 8
=4 3]
o5 = 69r
° o
28 [
2
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3 Bl 68 —
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0 2 4 6 8 10 12 14 ] 2 4 6 8 10 12 14
Time Time
Figure: Number of users using the grid power in E.g. 3 Figure: The overall cost in E.g. 3
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e Concluding remarks
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Concluding remarks

What we have done?
@ Demand-side management modeling in STP framework
@ Open loop optimization; state feedback control; robust optimal control

What we have achieved?
@ Potential strategy to induce users to switch from diesel power to grid power
@ Stability; uncertainty; transient performance.

What are open to be done?
@ Implementation of the proposed control and optimization on large-scale grids
@ Hybrid systems modeling and control with boolean networks and continuous dynamics
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